FROM MONOIDS TO HYPERSTRUCTURES: IN SEARCH OF 
AN ABSOLUTE ARITHMETIC. 
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Abstract. We show that the trace formula interpretation of the explicit for- 
mulas expresses the counting function N{q) of the hypothetical curve C asso- 
ciated to the Riemann zeta function, as an intersection number involving the 
scaling action on the adele class space. Then, we discuss the algebraic structure 
of the adele class space both as a monoid and as a hyperring. We construct an 
extension IR<:°n™x q£ jj^^ hypcrficld S of signs, which is the hyperfield analogue 
of the scmificld R™^'' of tropical geometry, admitting a one parameter group 
of automorphisms fixing S. Finally, we develop function theory over SpccK 
and we show how to recover the field of real numbers from a purely algebraic 
construction, as the function theory over Spec S. 
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1. Introduction 

The geometry of algebraic curves underlying the structure of global fields of positive 
characteristic has shown its crucial role in the process of solving several fundamental 
questions in number theory. Furthermore, some combinatorial formulas, such as the 
equation supplying the cardinality of the set of rational points of a Grassmannian 
over a finite field ¥q, are known to be rational expressions keeping a meaningful 
and interesting value also when q ~ I. These results motivate the search for a 
mathematical object which is expected to be a non-trivial limit of Galois fields ¥q, 
for q = 1. The goal is to define an analogue, for number fields, of the geometry 
underlying the arithmetic theory of the function fields. Inspired by this problem 
and by the pioneering work of R. Steinberg and J. Tits, G. Soule has associated a 
zeta function to any sufficiently regular counting- type function N(q), by considering 
the following limit 

(:M{s):=\imZ{q,q-^){q-lf(^) s € M. (1) 

q^l 

Here, Z{q, g^'') denotes the evaluation, at T = q^", of the Hasse-Weil zeta function 

Z{q,T)=cxp(^N{qn^^ . (2) 

For the consistency of the formula ([1]), one requires that the counting function N{q) 
is defined for all real numbers q > I and not only for prime integers powers as for 
the counting function in ([2]). For many simple examples of algebraic varieties, like 
the projective spaces, the function N(q) is known to extend unambiguously to all 
real positive numbers. The associated zeta function Cn{s) is easy to compute and 
it produces the expected outcome. For a projective line, for example, one finds 
Cn{s) = j^^zYj- Another case which is easy to handle and also carries a richer 
geometric structure is provided by a Ghevalley group scheme. The study of these 
varieties has shown that these schemes are endowed with a basic (combinatorial) 
skeleton structure and, in [S] , we proved that they are varieties over Fi , as defined 
by Soule in [30]. 

To proceed further, it is natural to wonder on the existence of a suitably defined 
curve C = Spec Z over Fi, whose zeta function Cc(s) agrees with the complete 
Riemann zeta function Cq(s) = ^~''^^r(s/2)^(s) (c/. also [25] and |27]). Following 
the interpretation of N{1) given in [3D], this value should coincide with the Euler 
characteristic of the curve C. However, since C should have infinite genus, one 
deduces that A^(l) — — oo, in apparent contradiction with the expected positivity 
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of N{q), for g > 1. This result also prevents one to use the limit definition ([T|). In 
[B] , we have shown how to solve these difficulties by replacing the limit definition ([T]) 
with an integral formula and by computing explicitly the distribution N(q) which 
fulfills the expected positivity, for q > 1, and the divergence at q — I. 
In section[2]of this paper, wc show how to implement the trace formula understand- 
ing of the explicit formulas in number-theory, to express the counting function N(q) 
as an intersection number involving the scaling action of the idele class group on 
the adele class space. This description is the natural corollary of an earlier result 
proved by the first author of this paper in [?] (and motivated by |17]). showing 
that the Riemann-Weil explicit formulas inherit a trace formula meaning when one 
develops analysis on the noncomniutative space of the adele classes (we also refer 
to [H], [H] and for further work on the same topic). 

In [1], as well as in the above papers, the adele class space Ajc/K^ of a global field 
K has been studied as a noncommutative space. Only very recently (c/. we 
have been successful to associate an algebraic structure to Ak/IK^ using which this 
space finally reveals its deeper nature of a hyperring of functions, likewise the space- 
time geometry in quantum field theory which manifests itself through functional 
analysis. The hyperring structure of Ak/K^ has fully emerged by combining the 
following two properties: 

— Ak/K^ is a commutative monoid, so that one may apply to this space the 
geometry of monoids of K. Kato and A. Deitmar. 

— Ak/IK^ is a hyperring over the Krasner hyperfield K = {0, 1}. 

In section [3l we describe the first structure associated to this space. In particular, 
we overview several of our recent results ( c/. [6] ) showing that the natural nionoidal 
structure on the adele class space, when combined with one of the simplest examples 
of monoidal schemes i.e. the projective line Pj. , provides a geometric framework 
to understand conceptually the spectral realization of the zeros of L-functions, the 
functional equation and the explicit formulas. All these highly non-trivial state- 
ments appear naturally by simply computing the cohomology of a natural sheaf f2 
of functions on the set of rational points of the monoidal scheme P^^^ on the monoid 
M = Ak/K'^ of adele classes. The sheaf H is a sheaf of complex vector spaces 
over the geometric realization of the functor associated to the projective line. It 
is a striking fact that despite the apparent simplicity of the construction of Pp^ 
the computation of i7"(Pp^,ri), already yields the graph of the Fourier transform. 
The cohomology H'^(Pf_^ , fl) is given, up to a finite dimensional space, by the graph 
of the Fourier transform acting on the co-invariants for the action of on the 
Bruhat-Schwartz space 5(Ak). Moreover, the spectrum of the natural action of the 
idele class group Ck on the cohomology H^{Ff_^ , 51) provides the spectral realization 
of the zeros of Hecke L-functions. 

In section [9l we review the hyperring structure associated to the adele class space. 
In [5], we proved that the adele class space possesses a rich additive structure 
which plays an essential role to provide the correct arithmetic setup on this space 
and to obtain, in positive characteristic, a canonical identification of the groupoid 
of prime elements of the hyperring Ak/K^ with the loop groupoid of the maximal 
abelian cover of the algebraic curve underlying the arithmetic of the function field 
K. It is an interesting coincidence that the first summary on hyperring theory, due 
to M. Krasner (c/. [23]), appeared in the same proceeding volume together with 
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the seminal paper of J. Tits }32| where he introduced "le corps de caractcristique 
un" . The distinction between the algebraic structure that Tits proposed as the 
degenerate case of for g = 1, i.e. "le corps forme du seul element 1 = 0", and 
the Krasner hyperfield K = {0, 1} is simply that in K one keeps the distinction 
1 7^ 0, while recording the degeneracy by allowing the sum 1 + 1 to be maximally 
ambiguous. 

In section IH we recall some of our results contained in [8] showing, for instance, 
that in spite of the apparent naivety of the definition of the Krasner hyperfield K, 
the classification of its finite extensions is equivalent to a deep open question in 
classical projective geometry. 

When K is a number field, there is a basic main question that needs to be addressed, 
namely the search for a substitute, in characteristic zero, of the algebraic closure Fg 
of the field of constants of a function field and the understanding of its role in the 
geometric construction of the curve associated to that field. In section [51 wc show 
that the hyperfield S = {—1,0,1} of signs admits an infinite hyperfield extension 
jgconvox is obtained from M by suitably altering the rule of addition. This 

extension has characteristic one {i.e. x + x ~ x for all x £ jjconvox-j contains 
S as the smallest sub-hypcrficld. The group of automorphisms Aut(]R'^°"'^°'') is the 
multiplicative group of non-zero real numbers acting on the hyperfield ]Rconvox 
exponentiation. This group plays the role of the cyclic group generated by the 
Frobenius automorphism acting on Fp, in characteristic p > I. 
In section [6l we develop the generalities of the study of the function theory on 
the affine spectrum Spec (R) of a hyperring R. The novelty (and subtlety) with 
respect to the classical case of (commutative) rings arises from the failure in this 
framework, of the isomorphism (holding for rings) 

Hom(Z[T],i?) ~ R. 

In the classical case, the above isomorphism provides one with an identification 
of the elements of R with functions on Spec (i?), understood as morphisms to the 
affine line V = Spec (Z[r]). In the context of hyperrings, we define the functions 
on Spec (i?) as the elements of the set I?(i?) = Hom(Z[r], i?). We implement the 
natural coproduct structures on the Hopf algebra H = 1^[T] (corresponding to the 
addition: A+ (T) T ® 1 + 1 T and the multiplication A ^ (T) = T ® T) to define 
operations on functions on Spec (R). In sections [7] and [Sj we investigate the outcom- 
ing hyperstructures on I'(K) and 2?(S). The natural morphism from V to Spec Z 
determines a restriction map tt : 2?(K) = Spec(Z[T]) — )■ Hom(Z, K) = Spec(Z). 
Then, one sees that the two hyperoperations of addition and multiplication on C(K) 
take place fiber-wise i.e. within each fiber 7r~^(p), p G Spec(Z). Theorem 17.131 as- 
serts that, for a finite and proper prime p, the hyperstructure on the fiber 7r~^(p) 
coincides with the quotient hyperring structure on the orbit-set fl/Aut{fl), where 
is an algebraic closure of the field of fractions Fp(T). Theorem 17.11 states that 
the fiber over the generic point of Spec (Z) contains the quotient hyperstructure 
Q/Aut(Q) where Q is the algebraic closure of Q, although the operations involving 
the generic point are more subtle: cf. Theorems 17.21 and 17.71 

We expect that a similar development will hold when the Hopf algebra Z[r] is 
replaced by the Hopf algebra of a Chevalley group. 

In section [HI we show that the hyperstructure T>{S) defines a slight refinement of 
the field R of real numbers. To each element (p G C(S) corresponds a real number 
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Re{ip) e [—00,00] given as a Dedckind cut. The map Re : 2?finito(S) — > M is 
a surjective homomorphisni whose kernel is an ideal isomorphic to S. A slight 
difference between the real numbers and the subset I?finitc(S) of the finite elements 
of 2?(S) only occurs over real algebraic numbers which have three representatives 
given by the three homomorphisms: 

Z[r] ^ S, P{T)^ lim sign P(a + te), t G {-1,0, 1}. 

The richness and complexity of the structure of functions on hypcrring spectra, even 
in the simplest examples of Spec (K) and Spec (S), together with the construction 
of the hypcrficld Jjconvex^ both clear indications of the existence of an interesting 
and yet unexplored arithmetic theory which has just started to emerge from the 
basic principles outlined in this work. 



2. From the counting function to the adele class space 

In this section we show that the trace formula interpretation of the explicit formulas 
expresses the counting function N{q), of the hypothetical curve C associated to the 
complete Riemann zeta function, as an intersection number involving the scaling 
action of the idele class group on the adele class space. 



2.1. The counting function of C = Spec Z. As explained in the introduction, 
it is natural to wonder on the existence of a suitably defined "curve" C — Spec Z 
over Fi, whose zeta function Cc(s) is the complete Riemann zeta function Cq('S) = 
7r~'*/^r(s/2)C(.s) (c/. also [27]). To by-pass the difficulty inherent to the definition 
([T]), when iV(l) = —00, one works with the logarithmic derivative 

— — = - hm F{q, s) (3) 
Qn[s) 9^1 

where 

Then one finds (c/. [B] Lemma 2.1), under suitable regularity conditions on N{u), 
that 

Lemma 2.1. With the above notations and for 3ffe(s) large enough, one has 

limF(g,s)= / N{u)u~''d*u, d*u = du/u (5) 
9^1 Ji 



and 



N{u)u-''d*u. (6) 



The integral equation (|6]) is more manageable and general than the limit formula 
(IT|). It produces a precise description of the counting function Nc{q) = N{q) 
associated to C. In fact, ([H]) shows in this case that 



N{u)u-''d*u. (7) 
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To determine explicitly N(u), one uses the Euler product for Cq(s) and when 
3fie(s) > 1, one derives 



Cq(s) J I 

Here, A(n) is the von-Mangoldt function taking the value logp at prime powers 
and zero otherwise. k{u) is the distribution defined, for any test function /, as 

J\{u)f{u)d*u = 1^°^ ^^^^^—^d*u + cf{l), c=i(log^ + 7) (9) 

where 7 = — r'(l) is the Euler constant. The distribution k{u) is positive on (1, 00) 
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where, by construction, it is given by k{u) = ■ Hence, we deduce that the 
counting function N{q) of the hypothetical curve C over Fi, is the distribution 
defined by the sum of K{q) and a discrete term given by the derivative taken in the 
sense of distributions, of the functiorQ 

^(u) = ^nA(n). (10) 

71 <U 

Indeed, since d*u = one has for any test function /, 
Thus one can write ([8|) as 

fiu) + K[U) \ u d u. (11) 



Cq(s) Ji \du 

If one compares the equations (fTTj) and ([71), one derives the following formula for 

N{u) 

N{u) = -^ip{u) + Kiu). (12) 
du 

One can then use the explicit formulas to express f{u) in terms of the set Z of non- 
trivial zeros of the Riemann zeta function. One has the formula (c/. [20], Chapter 
IV, Theorems 28 and 29) valid for u > 1 (and not a prime power) 

fiu) = ^-Y] order(p)— - + a{u). (13) 

Here, one sets 

a(u)=ArcTanh(i)-^^. (14) 
u C(-l) 

Notice that the sum over Z in ([T^ has to be taken in a symmetric manner to ensure 
the convergence, i.e. as a limit of the partial sums over the symmetric set Zm of 
first 2m zeros. When one differentiates (|13p in a formal way, the term in a(u) gives 

d 1 
-a[u) 



du 1 ~ 

Hence, at the formal level i.e. by disregarding the principal value, one obtains 

—a(u) + k(w) = 1. 
du 



the value at the points of discontinuity does not affect the distribution 
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Thus, after a formal differentiation of ((T^ . one deduces 



N(u) = —(p(u) + k{u) - u - ordcr(p) + 1. (15) 

Notice that in the above formal computations we have neglected to consider the 
principal value for the distribution k{u). By taking this into account, wc obtain 
the following more precise result (for the proof we refer to [6], Theorem 2.2) 

Theorem 2.2. The tempered distribution N(u) satisfying the equation 

. , . = / N{u) u "d u 

Cq(s) J I 

is positive on (l,oo) and on [l,oo) is given by 

d I uP+'^ \ 
N(u) = w - — > order(p) + 1 (16) 

where the derivative is taken in the sense of distributions, and the value at u ~ 1 
order(/9) is given by 

..(1) = J2 order(p)-^ = 2 + 2 + ^ " ^''^ 
peZ -^y / 

This result supplies a strong indication on the coherence of the quest for an arith- 
metic theory over Fi. For an irreducible, smooth and projective algebraic curve X 
over a prime field Fp, the counting function is of the form 



#X(F,) = 7V(g) = g-^a'- + l, 



P 



where the numbers a's are the complex roots of the characteristic polynomial of 
the Frobenius cndomorphism acting on the etale cohomology H^(X Fp,Q^) of 
the curve {£ ^ p). By writing these roots in the form a ~ pf , for p a zero of the 
Hasse-Weil zeta function of X , the above equality reads as 

#X(F,) = N{q) = q-J2 ordci-ip) q" + 1. (18) 



The equations p6|) and p8|) are now completely identical, except for the fact that 
in p8)) the values of q are restricted to the discrete set of powers of p and that ([18]) 
involves only a finite sum, which allows one to differentiate term by term. 



2.2. Explicit formulas. Equation (|T3l) is a typical application of the Riemann- 
Weil explicit formulas. These formulas become natural when lifted to the idele class 
group. In this section we show that, even if a definition of the hypothetical curve 
C is at this time still out of reach, its counterpart, through the application of the 
class-field theory isomorphism, can be realized by a space of adelic nature and in 
agreement with some earlier constructions of Connes, Consani and MarcoUi: cf. [5], 
[in] and [H]. 



We start by considering the explicit formulas in the following concrete form (c/. [3])- 
Let F{u) be a function defined on [1, cxo) and such that F{u) = 0{u^^^^~'^). Then 
one sets 

= / F{u)u''-'^du. (19) 



The explicit formula takes the following form 

poo 1 

/ {u-^^^ + u-^^^)F{u)du-J2oTdcT{p)<i>{p--)= (20) 



pez 



t{t^ ~ 1) 
conditioi 

F^{u) ^ forue[l,x], Fa;(u) = for M > X. (21) 



m— 1 

We apply this formula with the function F^ determined by the conditions 



Then, we obtain 

3 ^3/2+s 1 

$.(.) . FAu) u-^du = y u-^du = ^ - (22) 
Thus, it follows that 

'^A-\)=^-^^'^Ap-\) = (^-t^- (23) 
2 22 2 21+pl+p 



The left-hand side of the explicit formula ((20)) gives, up to a constant 

Ji^)^^+^-2^ order(p) — — . (24) 
2 ^ 1 + p 

The first term on the right-hand side of (pUj) gives 

^(a;) = ^nA(n) (25) 

n<.T 

while the integral on the right-hand side of (PO)) gives 

t^f^FU) - F(l) 1 

/ -V ^-^di = X - ArcTanh(-) + constant. (26) 

Jl t\t - 1) X 



Thus the explicit formula (|20p is transformed into the equality 

> 71 A(7i) = order(p) h ArcTanh(-) + constant. (27) 

^ 2 ^ 1 + p a; 

n<x p^Z 

This formula is the same as We refer to [ID] for a precise justification of 

the analytic steps. It follows that the left-hand side of the explicit formula 
gives a natural primitive J{x) of the counting function N{x). It is thus natural to 
differentiate formally the family of functions F^ with respect to x and sec what the 
right-hand side of the explicit formula is transformed into. By construction, one 
has, for u > 1 

Fa:{u) = U2Y{u - x) 

where Y is the characteristic function of the interval (— oo,0]. The derivative of 
Y(s) is — <5(s). Thus, at the formal level, one derives 

dxFx = u^6{u - x). 



In fact, it is more convenient to rewrite the explicit formula (j20[) in terms of the 
function g{u) ~ u^^^ F{u). One then lets 



g{u)u'd*u. (28) 

The explicit formula then takes the form 

.9(0)+.g(l)-^ordcr(p)g(p) (29) 



p ra=\ 

The function gx{u) corresponding to dxFx is just gx{u) = u5x{u) and it is charac- 
terized, as a distribution, by its evaluation on test functions b{x). This gives 

b(u)gx{u)d*u ~ b{x). (30) 

Next, we show how to implement the trace formula interpretation of the explicit 
formulas to describe the counting function N{u) as an intersection number. First we 
notice that the above explicit formula is a special case of the Weil explicit formulas. 
One lets K be a global field, a a nontrivial character of Ak/K and a = H its 
local factors. Let h £ 5(Ck) have compact support. Then 



M0) + Mi)- E EMx,p) = E/ if^^*'^ (31) 

where j' is normalized by and /i(x, z) = J h(u) xi"^) d*u. These formulas 
become a trace formula whose geometric side is of the form 



Trdistr h{u)d{u)d*uj =Y.j^ |T3^'^*^- (32) 

Here 'd{u)^{x) = £^{u~^x) is the scaling action of the idele class group Ck on the 
adele class space M = Ak/K*. The subgroups IK* c Ck appear as isotropy groups. 

One can understand why the terms -r^ \ occur in the trace formula by computing 

|1-m| 

formally as follows the trace of the scaling operator T = 6{u ^) 

TS,{x) = £,{ux) = J k{x, y)^{y)dy , 
given by the distribution kernel k(x,y) ~ S{ux — y), 

Trdistr(2^) = / k{x,x)dx~ f S{ux — x)dx^- — ■ f 6{z)dz = 



h{u-^) 



u-l\J ' ' \u-l\ 

We refer to g], [35] and [H] for the detailed treatment. We apply by taking 
K = Q and the function h of the form h{u) ~ 5(|u|) where the support of the 
function g is contained in (l,oo). On the left hand side of ([5^ one first performs 
the integration in the kernel Cq^i of the module Cq At the geometric level, 

this corresponds to taking the quotient of M by the action of Cq^i. We denote by 
the scaling action on this quotient. By construction this action only depends upon 
\u\ e M!i_. The equality (pO| means that when we consider the distributional trace of 
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an expression of the form J gx(u)'dud*u we are in fact just taking the distributional 
trace of -ffx since 

j g.,{u)'dud*u^d^ (33) 

thus we are simply considering an intersection number. We now look at the right 
hand side of ([5^ . i.e. at the terms 

^— ^d.. (34) 

Since h{u) = g(|u|) and the support of the function g is contained in {l,oo), one 
sees that the integral ([M)) can be restricted in all cases to the unit ball {u ; \u\ < 1} 
of the local field In particular, for the finite places one has |1 — w| = 1, thus for 
each finite prime p G Z one has 

f f^d*u^Y.logpgip-). (35) 

At the archimedean place one has instead 

1/1 1 



2Vl-i l + - J M^-l 

^ u u ^ 

The above equation is applied for m > 1, in which case one can write equivalently 
1/1 I \ _ 

2 lv|l-w-i| ^ ll + u-i J " u^^' ^ ' 

Thus, the term corresponding to (|M1) yields the distribution k(u) of 
In section |9l we shall re-consider the fixed points for the action of the idele class 
group Ck on M = Ar/K*. This set is the union of the prime ideals pi, = {x £ 
Af I a;„ = 0}, as w varies among the places of the global field K. 

3. The geometry of monoids 

We denote by 9Ho the category of commutative 'pointed' monoids (A/, 0), where M 
is a semigroup with a commutative multiplicative operation and an identity element 
1. The element G A/ is absorbing for M, i.e. it satisfies: Oa; = a;0 = 0, G M. 
The morphisms in fOTo are unital homomorphisms of pointed monoids : (Af , 0) — >■ 
(iV, 0), thus satisfying the conditions (p{Im) — ^n and (p{0) = 0. 
The theory of 97lo-schemes as in our earlier papers [5] and [7] develops, in par- 
allel with the classical theory of Z-schemes as in [T3], the notion of a scheme as 
covariant functor from dJlo to the category of sets. This approach is based on the 
earlier geometric theories over monoids developed by K. Kato [22] i A. Deitmar [T5] . 
N. Kurokawa, H. Ochiai, M. Wakayama [26], B. Toen and M. Vaquie [33] . 
Several basic notions holding for (commutative) rings and their geometric counter- 
parts naturally generalize to pointed monoids. From the algebraic side, we recall 
that an ideal / of a monoid M is a subset I C M such that G / and it satisfies 
the property: 

X e I =^ xy e I , yy e M . (37) 
In particular, an ideal p C A/ is said to be prime if its complement p"^ = A/ \ p is a 
non-empty multiplicative subset of Af, i.e. if the following condition is satisfied: 

a; ^ p,y ^ p =^ xy^p. (38) 
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The complement pM = {M'^ Y of tlis invertible elements of M is the largest prime 
ideal. 

From the geometric side, we recall that a geometric monoidal space is a pair {X, Ox) 
where 

• X is a topological space 

• Ox is a sheaf of monoids. 

The notions of a morphism (of monoidal spaces) as well as those of a prime spectrum 
Spec M and of a geometric scheme are adapted directly from the classical ones (c/. 
[13]). The topology on Spec M admits a basis of open subsets of the following type 
(as / varies in M) 

D(/) = {pGSpecM|/^p}. 

By definition, an njlo-functor is a covariant functor from 9Jlo to the category of sets. 
A morphism of 9Ho-functors, (j) : X Y , in a, natural transformation and as such 
it determines (a family of) maps of sets 

: X{M) ^ Y{M) , VA/ e obj(ano) 

compatible with any homomorphism p : M — >■ M' in 97lo. 

A new and interesting property fulfilled by any SOto-functor is that of being automat- 
ically local (cf. [7] § 3.4.1). Thus, the only requirement that an SJlo-functor has to 
satisfy to define an fOTo-schcme is to admit an open covering of affinc sub-functors. 
We recall that a sub-functor Y of an SJlo-functor X {i.e. Y{M) C X{M) for every 
object M of VJlo) is said to be open in X if for every morphism ip : Spec (M) X 
of 3Jlo-functors, there exists an ideal I C M such that for every object N of dJlo 
and every p £ Spec {M){N) = Roircqio {M , N) one has: 

ip{p) e Y{N) C X{N) ^ p{I)N = N. 

Let X be an 9JTo-functor. A family {Xa} of sub- functors of X determines a cov- 
ering of X if for every abelian group H, the following equality (of sets) is fulfilled: 
Xi¥,[H])=[j^X^(¥,[H]). 

Any 9710-scheme has an uniquely associated geometric realization {cf. [7] § 3.4.5). 
This is a geometric monoidal space whose construction presents several analogies 
with the geometric realization of a Z-scheme but also a few new interesting features 
specifically inherent to the discussion with monoids. The most important (new) 
property states that the full sub-category of the abelian groups inside SEJlo, whose 
objects replace the fields within SJlo, admits the final object Fi ~ Fi[{l}] {cf. [7] 
§ 3.4.5). This fact implies a remarkable simplification in the description of the 
geometric realization of an 9JTo-scheme as stated by the following 

Theorem 3.1. The geometric space \X\ associated to an DJto-scheme X is charac- 
terized by the property 

X{M) = 7Jom(Spec M, \X\) , VM e obj{mo). 

The set underlying \X\ is canonically identified with X{¥i). The topology of \X\ is 
determined by the open subfunctors of X and the structure sheaf by the morphisms 
to the affine line T>, i.e. the functor T>{M) = M for all M G obj{dJlo). 

We refer to [7] Theorem 3.34 for the detailed statement and proof. 
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The following canonical projection map describes a new feature of S[to-schcmcs 
which docs not hold in general for Z-schcmcs. For an 9Jto-schcmc X and for all 
M e obj(OTo) we define 

TTM : X{M) ^ \X\ , ttmW = HPm) , V0 G HomOTo(Spcc (M), \X\) (39) 

where pM is the largest prime ideal of AI. Then, for any open subset J7 of |X| = 
X{¥i) with associated sub-functor U_C X one has 

UiM) = n]^j\U)cX{M). (40) 

3.1. The 9Jto-scheme Pj.^. A basic fundamental example of an 9Jto-scheme is the 
projective line Pj.^ over Fi. We review shortly its description. As SJlo-functor, Pj.^ 
is defined by 

pi^(M) = M Umx M, V Af G obj(OTo) (41) 
where the gluing map on the disjoint union Af ]J M = M x {1, 2} is given by the 
equivalence relation (x, 1) ~ {x^^, 2), V a; G . 

The topological space P^^ of its geometric realization (c/. [13], [6]) has three points 

P]^^ ={0,u,oo}, {0} = {0}, M-Pfi, W-{oo}. (42) 
There are three open sets U± and U = U+ fl ?7_ in Pj.^ 

c/+ = pi^\{^}, (7_=pi^\{0}, [/ = [/+n[/_. (43) 

3.2. The monoid A/ = Ak/K'^ of adele classes. Let K be a global field. The 
product in the ring of adeles over K, descends to the quotient Ar/K^ to define a 
natural structure of (commutative) monoid 

Af = AK/K'', K''=GLi(K). (44) 

The group Cr of idclc classes is interpreted as the group A/^ of the invertible 
elements of the monoid M. The canonical projection (p9|) for the 2to-schcmc Pj.^ 
determines in particular the map {AI = Ajj/IK^) 

TTM ■■ (A/) = M Umx M ^ P^, . (45) 

ttm associates the point u G Pj.^ to each element of A^^ = Ck and either or oo 
to the other elements of Pj.^(A/). We define the projective adele class space to be 
the set Pj.^(Af) ^ M Umx M. 

3.3. The sheaf fi of half-densities on Pj.^ (Af ). To define a natural space S{M) 
of functions on the quotient space M = Ak/K^ one considers the space of coin- 
variants for the action of IK^ on the Bruhat-Schwartz space iS(Ak) of complex- 
valued functions on the adclcs of K. This action is described explicitly by fq (x) ~ 
f{qx), Vx G Ak, q G K^. More precisely, one starts with the exact sequence 



0^5(Ak)o ^5(Ak) AC©C[1] ->0 (46) 

associated to the kernel of the K^-invariant linear map e{f) = (/(O),/^^ f{x)dx) G 
C ® C[l] and then one sets 

S{M) 5o(Af) ® C ® C[l] , 5o(A/) := 5(Ak)o/{/ - /J (47) 



where {/ — fq] denotes the closure of the sub-space of 5(Ak)o generated by the 
difi'erences f — fq, with g G . 
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Wc now introduce the functions on the projective adcle class space Pj.^(A/). The 
foUowing space of sections determines uniquely a sheaf on Pp^ , the restriction 
maps are defined in (|49|) here below 

TiU+,n) = S{M) 
T{U-,n) = S{M) 

r(c/+nc/_,o) = 5oo(Ck) 

where S{Ck) is the Bruhat-Schwartz space over Cr. For a number field K, iSoo(C'k) 
is defined as follows 

Soo{Ck) - n f^^S{CK) = {/ e S{Ck) I /(/) e S{Ck) , V/3 e M}. (48) 

Here, 6 C(Ck) denotes the module : Ck -> ^'^(5) = m(.9)^- When K is 
a global field of positive characteristic, 5oo(C'k) is the space of Schwartz functions 
on Ck with compact support (c/. [12] Definition 4.107 and [2H])- The natural 
restriction maps T{U±,fl) — >■ r(/7+ fl [/_, fi) vanish on the components C ® C[l] of 
iS(M), while on <So(M) they are defined as follows: 

(Res/)(g) = ^ f{qg) , V/ e So{M) C r(C/+,0) 

{Resh){g) = 1.91-1 5] /i(g5"'), V/ie5o(M)cr(f/_,n). (49) 

3.4. Spectral realization on (Pp^ , il). The following formulas define an action 
of Ck on the sheaf Q. For A e Ck, define 

z?+(A)/(.t) = /(A-^x), v/er(c/+,i]) 

z^_(A)/(a:) = |A|/(Ax), yfeT{U^,n) 

^(A)/(.T) = /(A"ia;), v/er(c/+nc/_,fi). 

The generator ^' = ^ ^ ^ '^'^ ^^"^ Weyl group W C PGL2 acts on Ck by the 

automorphism g t-^ = 3^^, G Ck and this action defines the semi-direct 
product N ~ Ck xi W. Moreover, w acts on Pj. by exchanging and 00. The 
action of w on the sheaf Q is given by: 

w*f = /er(c/_,0), v/er(c/+,0) 
w*f = fer{u+,n), yfer{u^,n) 
w*fig) = \g\-'f{g~'),yf er{u+nu-,n). (50) 

This action defines the morphism of sheaves : fl — > w*f2. The following result 
is proven in [6] (c/. Proposition 5.4) 

Proposition 3.2. There exists a unique action of N = Ck » W on the sheaf 
which agrees with (|50p on W and restricts on Ck to the (twist) representation 
i] := I? ® , where is seen as representation of Ck- 

The Cech complex of the covering U = {U±} of Pp^ has two terms 

c° = r(c/+,f7) X r(c/_,i7) 
c^ = T{u+r]U-,n). 

13 



Wc introduce the following map E ; So{M) — > 5oo(C'k), E(/)(x) = X^^grx fi^^)- 
Then, the co-boundary 9 : C" — > C"'^ is given by 

dif, h){g) = - \g\-'nh){g-'). (51) 

Let a be a non-trivial character of the additive group Ak/K. The lattice K C Ak 
coincides with its own dual. The Fourier transform on 5(Ak)o 

F{f){a) - J f{x)a{ax)dx (52) 

becomes canonically defined modulo the subspace {/ — fg}. For a proof of the 
following statement we refer to [6] (c/. Lemma 5.3 and Theorem 5.5) 

Theorem 3.3. The kernel of the co-boundary map d : C'^ ^ coincides with the 
graph of the Fourier transform 

H\n^,n) = {{f,F{f)) I / £ 5(Ak)o/{/-/J}©C®2 © (C[l])®2. (53) 

The representation -^J ofCj^ on H^{F^ , O) determines the spectral realization of 
the zeros of the L-functions. This representation is invariant under the symmetry 
xig) '-^ xi9~^) of the group of Grossencharakters of the global field K. 

4. Hyperstructures 

In this section we briefly recall the results of [5] showing that the notion of hyperring 
introduced by M. Krasner allows one to understand the algebraic structure of the 
adele class space Hk = Ak/K^ of a global field K. 

4.1. Hypergroups and hyperrings. We start by reviewing the notion of a canon- 
ical hypergroup (H, -{-). For our applications it will be enough to consider the com- 
mutative case and we denote by -I- the hyper-composition law in H. The novelty 
is that for hypergroups such as H the sum a; + y of two elements in H is no longer 
a single element of H but a non-empty subset of H. It is customary to define a 
hyper-operation on H as a. map 

+ :H X H ^ r{H)* 

taking values into the set V{H)* of all non-empty subsets of H . One uses the 
notation VA, B C iJ, A + B := {U(a + b) \a € A,b e B]. The definition of a 
commutative canonical hypergroup requires that H has a neutral element € H 
{i.e. an additive identity) and that the following axioms apply: 

(1) X + y = y + X, Vx, y E H 

(2) {x + y) + z = X + (y + z), \fx, y, z E H 

(3) + X ^ X = X + 0, Vx e H 

(4) \/x e H 3! y{= -x) e H s.t. Qex + y 
{b) x £ y -\- z z £ X — y. 

Property (5) is usually called reversibility. 

Lemma 4.1. Let (G, •) be a commutative group, and let K C Aut(G') be a sub- 
group of the group of automorphisms of G. Then the following operation defines a 
structure of hypergroup on the set H = {K{g)\g G G} of the orbits of the action of 
K on G: 

K{g,) ■ K{g2) {Kg^ ■ Kg2)/K. (54) 
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The notion of a hyperring {cf. [53], [H]) is the natural generahzation of the classical 
notion of a ring, obtained by replacing a classical additive law by a hyperaddition. 
More precisely, a hyperring (i?, + , •) is a non-empty set R endowed with a hyper- 
addition -1- and a multiplicative operation ■ satisfying the following properties: 

(a) (i?, +) is a commutative canonical hypergroup 

(b) (i?, •) is a monoid with multiplicative identity 1 

(c) Vr, s, i G i?: r(s + <) = rs + rt and (s + f)r = sr + tr 

(d) Vr g i?: r • = • r = 0, i.e. e i? is an absorbing element 

(e) O^l. 

Let -fi, -i), (i?2,+2,-2) be two hyperrings. A map / : i?i — > i?2 is called a 
homomorphism of hyperrings if the following conditions are satisfied 

(1) /(a +1 6) C /(a) +2/(6), Va,6ei?i 

(2) /(a -16) = /(a) -2/(6), Va,6Gi?i. 

4.2. K, S and the adele class space Hk = Ak/K^. A hyperring {R,+,-) is 
called a hyperfield if {0}, •) is a group. The most basic example of a hyperfield is 
the Krasner hyperfield K = ({0, 1}, -f , •) with additive neutral element 0, satisfying 
the hyper- rule: 1 -I- 1 = {0, 1} and with the usual multiplication, with identity 
1. Likewise F2 encodes the arithmetic of even and odd numbers, K encodes the 
arithmetic of zero and non-zero numbers. The hyperfield K is the natural extension, 
in the category of hyperrings, of the commutative (pointed) monoid Fi, i.e. (K, •) = 
Fi. 

Another interesting example of basic hyperstructure is the hyperfield of signs S = 
({0, ±1}, •) where the hyper-addition is given by the "rule of signs" 

1 + 1 = 1, -1 - 1 = -1 , 1 - 1 = -1 + 1 = {-1,0, 1} (55) 

and where the usual multiplication is also given by the rule of multiplication of 
signs. S encodes the arithmetic of the signs of numbers and it is the natural 
extension, in the category of hyperrings, of the commutative (pointed) monoid F12, 
t.e. (S,-)=Fi2. 

There is a unique hyperring homomorphism <t : Z ^> S, cr(n) = sign(n), Vn ^ 0, 
cr(0) = 0. Moreover, the absolute value determines a canonical surjectivc homo- 
morphism of hyperfields tt : S — ^ K. Then, by using the composite homomorphism 
h ~ t: o a, one can perform the extension of scalars from Z to K and show that for 
any commutative ring R containing Q as a subficld, one obtains the isomorphisms 
i? (g)z K = and i? ®z S = R/Q^ {cf. [8] Proposition 6.1). 

Let i? be a commutative ring and let G C i?^ be a subgroup of its multiplicative 
group. Then the following operations define a hyperring structure on the set R/G 
of orbits for the action of G on i? by multiplication 

• Hyperaddition 

x + y:= [xG + yG) /G , Vx, y e R/G 

• Multiplication 

xG-yG = xyG , Va;, y e R/G. 

In particular, one may start with a field K and consider the hyperring K/K^ . This 
way, one obtains a hyperstructure whose underlying set is made by two classes i.e. 
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the class of and that of 1. It is easy to see that if K has more than two elements, 
then K/ K ^ is isomorphic to the Krasner hyperfield K . 

In general, a hyperring need not contain K as a sub-hyperfield. For quotient hy- 
perrings, like the ones we have introduced right above, there is a precise condition 
that ensures the occurrence of this case (c/. [8] Proposition 2.6) 

Theorem 4.2. Let R is a commutative ring and G C a proper subgroup of 
the multiplicative group of units of R, then, the hyperring R/G contains K as a 
sub-hyperfield if and only if {0} \J G is a subfield of R. 

Since the adele class space Hk ~ Ar/K^ of a global field K is the quotient of the 
commutative ring R = Ak by G = and {0} U G = IK is a subfield of i? = Ak, 
one obtains 

Corollary 4.3. The adele class space Hr — Ar/K^ of a global field K is a hyper- 
ring extension of K . 

It is elementary to prove that for any ring R, the map 

(f : Spec (i?) Hom(i?, K) , ip{p) = ipp 

V3p (x) = , Vx G p , ipp (x) = 1 , ^ p 
determines a natural bijection of sets. This fact shows that the hyperfield K plays, 
among hyperrings, the equivalent role of the monoid Fi among monoids (c/. [7] 
Proposition 3.32). 

4.3. Extensions of K and incidence groups. In this section we outline several 
results which show that the structure of hyperfield and hyperring extensions of K 
is intimately connected to the geometric notion of incidence group of Ellers and 
Karzel (c/. jTS]). We refer to §3 of [5] to read more details and for the proofs. 
There is a canonical correspondence, originally established by Prenowitz in [29], 
between K- vector spaces E and projective geometries (P, C) in which every line 
has at least 4 points. The line passing through two distinct points x,yofV := £'\{0} 
is defined by 

L{x,y) = (x + U {x,y}. 
Conversely, the hyper-addition in E' ;= 7-" U {0} is defined by the rule 
X + y ^ L{x,y)\{x,y}, ii x ^ y, x + a; = {0,x}. 

If a group G is the set of points of a projective geometry, then G is called a two- 
sided incidence group if the left and the right translations by G are automorphisms 
of the geometry. 

Let HI D K be a hyperfield extension of K and let {V, C) be the associated geometry. 
Then, the multiplicative group H^, endowed with the geometry {V,C), is a two- 
sided incidence group. Conversely, let G be a two-sided incidence group. Then, 
there exists a unique hyperfield extension H D K such that M — G U {0}. 
The classification of Desarguesian commutative incidence groups due to H. Karzel 
(c/. [21]) applies to commutative hyperfield extensions of K such that dimKH > 
3. Let H D K be a commutative hyperfield extension of K. Assume that the 
geometry associated to the K-vector space H is Desarguesian (this condition is 
automatic if dimKH > 3) and of dimension at least 2. Then, there exists a unique 
pair (F, K) of a commutative field F and a subfield K C F such that 

H = F/K"". 
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In view of the result just stated, the elassification of ah finite, commutative hy- 
perfield extensions of K reduces to the determination of non-Desarguesian, finite 
projective planes with a simply transitive abelian group of coUineations. More pre- 
cisely, if H D K is a finite commutative hyperfield extension of K, then, one of the 
following cases occurs: 

(1) H = K[G'], for a finite abelian group G. 

(2) There exists a finite field extension C Fgm of a finite field such that 



(3) There exists a finite, non-Desarguesian projective plane V and a simply transi- 
tive abelian group G of coUineations of V, such that G is the commutative incidence 
group associated to H. 

There are no known examples of finite, commutative hyperfield extensions H D K 
producing projective planes as in case (3). In fact, there is a conjecture based on 
some results of A. Wagner (c/. [T], [33], [3S]) stating that such case cannot occur. 
M. Hall proved two results (c/. (TB]) which imply the following conclusions: 

• Assume that is cyclic. Let n + l be the cardinality of each line of the geometry. 
Then for each prime divisor of n, the map a; t-^ is an automorphism of H D K. 

• There exists an infinite hyperfield extension H D K whose geometry is non- 
Desarguesian and 2± Z. 

Let H D K be a commutative hyperring extension of K. Assume that EI has no 
zero divisors and that dimKH > 3. Then, there exists a unique pair {A, K) of a 
commutative integral domain A and a subfield K G A such that 



Let Aj (j = 1, 2) be commutative algebras over two fields Kj / F2 and let 



be a homomorphism of hyperrings. Assume that the range of p is of K-dimension 
at least 3, then p is induced by a unique ring homomorphism p : Ai A2 such 
that a = p\ki is a field inclusion a : Ki — >■ i^2- These results show that, in higher 
rank, the category of hyperring extensions of K is the category of algebras over 
fields with twisted morphisms. 

5. The hyperfield r™"™'^ 

In this section we prove that the set of the real numbers is endowed with a natural 
structure of hyperfield extension R^onvex ^j^g hyperfield of signs S. It turns out 
that the hyperstructure on Ijconvox jg refinement of the algebraic structure on the 
semi-field R™'*'' commonly used in idempotent analysis and tropical geometry. The 
hyperfield Mf^o"™-"*^ has characteristic one and it comes equipped with a one parame- 
ter group of automorphisms which plays the role of the Frobenius in characteristic 
one. 

5.1. Sign-convex subsets of R. The sign of a real number determines a canonical 
surjectivc map 



EI = F,^/F,^ 



H = A/K 



p : Ai/K^ ^ A2/K^ 




if r = 0; 
for r > 0; 
for r < 0. 



(56) 
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Figure 1. The set (j){c{x,y)) for x < 0, y > -x. 



For any pair of real numbers x, y G R, we set 
c{x, y) = {ax + /Jy I a > 0, /3 > 0, sign {ax + Py) = a sign (.t) + /3 sign (y)}. (57) 

Definition 5.1. A subset C d R is said to be sign-convex if\lx,y £ C one has 
c{x,y) C C. 

We fix a homeomorpliism (p ■ (0, oo) — {e*^ | 6* e (0, tt)} of the positive real line with 
the upper- half unit circle in C, such that lim2;_yo (f'i^) = ^1 f-nd lini2:_i.oo = 1- 
We let U = {0} U{2:gC||2| = 1, z^M} and we extend uniquely (/) to a bijection 
(j> -.R ^ U hy setting: 

(j){x) = -(/)(-a;) , Vx ^ , 0(0) = 0. (58) 

For instance one can take 

</.(x)=sign(x)e"'(-), eix) = -^. 

1 + x^ 

Lemma 5.2. For x,y eM. one has 

z £ c{x, y) ^ 4>{z) e M!^0(x) + M.l4>{y). (59) 

Proof. For a; = 0, one has c(0,2/) = {y}, Vy £ R and ([55)1 holds. If y = 0, one 
concludes in a similar way. Thus we can assume x ^ Q ^ y. Next, we show that 

e c{x, y) = ~x. (60) 

If G c{x, y), then there exist a > 0, /? > such that ax + (3y ~ and a sign (x) + 
/3sign(?/) = 0. This implies a ~ (3 and y = —x. Conversely, if y = —x one has 
= X + y and = sign (x) + sign {y) so that £ c(a-, y). 

Since £ R+0(a;) + R+<^(y) if and only if y = -x, this proves that ([591) holds for 
z = 0. We can then assume that x, y, z are all different from 0. If < a; < y both 
sides of ([59]) give the interval (x, y) and one gets (f59| when x and y have the same 
sign. For x < and y > there are three possible cases and using ([57|) one gets 
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• If —X < y then c{x, y) = [x, 0) U (y, oo). 

• If —X = y then c{^x, y) = {x, 0, y}. 

• If —X > y then c{x, y) ~ (—00, x) U (0, y). 

Thus ((59)) can be checked directly in each case: c/. Figure [1] □ 

A subset r C C is called a convex cone if F is stable both for addition and for the 
action of on F by multiplication. For any subset X C C, the convex cone T{X) 
generated by X verifies the equality 

F(X)\{0} = {ax + l3y, a > 0, /J > 0, x, y £ ^}\{0}. (61) 

It may happen that £ F(X) cannot be written as a sum of two elements of M^X, 
but it is always possible to write as a sum of three elements of R^X. 
Next results shows that sign-convex subsets of R are determined by convex-cones 
in C. 

Corollary 5.3. Let (f> be as in (|58p and C C R. The following conditions are 
equivalent: 

• C is sign- convex. 

• C ~ 4>^^{V) where F he the cone generated by 4>{C). 

• There exists a convex cone F C C such that C ~ 4>^^{T). 

Proof. Let C C M be sign-convex. Let F = F(0(C)) be the cone generated by 0(C). 
By (|6ip any non-zero element of F is of the form 

^ = a(j){x) + l3(j){y), for some a > 0, /? > 0, x,y £ C. (62) 

Thus, by applying Lemma [5.2) one has 7^ ^ = (f>{z) S F =^ z € C, for z 7^ 0. If 
€ F, then there exist three elements x, y, z of C and three positive real numbers 
a, /3, 7 > such that a(f)(x) + I3(f>{y) + "l4>{z) = 0. Since C is sign convex, Lemma 
15.21 shows that there exists a € C, with —a S C so that G c(a, —a) C C. 
If C = 0~^(F) for some convex cone F C C, then, it follows again from Lemma [5^ 
that C is sign-convex. □ 

If C C M is sign-convex then the two subsets = C fl ±(0, 00) C M are convex 
i.e. they are intervals, but the converse of this statement fails. If C is sign-convex, 
so is C U {0}. Moreover, set aside R, the only sign-convex subsets C C R which 
contain a pair x, — x, for some a; > are of the following types 

• Cx = {-X, 0,a;} 

• C+ = [-x, 0] U [x, od) 

• C" = (-cx),-a:;] U [Q,x]. 

Lemma 5.4. Let C C M &e sign-convex and x ^ C . Then the smallest sign-convex 
set containing x and C is the set 

C ^ {x}\JC\Jy<.c c{x,y). 

Proof. Since any sign-convex subset containing x and C contains C", and since C 
contains x and C, it suffices to show that C is sign-convex. This follows from 
Corollary O □ 
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Lemma 5.5. For all x,y, z £ M. one has 



te y c(w,z) ^ g ]R^0(a:) (/)(?;) 



(63) 



Proof. By Lemma [521 one has 0(t) e M^(M^(/i(x) + M+0(2/)) + for any 

t S U„gc(a;,y)c('i^j z) . Converscly, let t G M be such that 



Let a = Xi(j){x) + X24>(y)- If there exists A > such that \a € U [cf. ((58)) ) then 
there exists m e R with (j){u) = Aa G M.'^(j){x) + Thus by Lemma [O one 

has u G c{x, y) and since 



one gets t G c(u, 2) C U„gc(2;.y)c(u, as required. Otherwise one has a G M, a 7^ 0. 
One has (j>{x) ^ {O,±0(y)}. Let e = sign (a) G { — 1,1}. Then there exists an open 
neighborhood y of e in the unit circle such that 



One has = a + Xz4'[z) by construction, and since ^ e it foUows that <j)[t) 
is in the interior of the short interval between e and (/!>(z) on the unit circle. Thus 
there exists v £ V , v ^ e such that (t){t) is in the interior of the short interval 
between v and (t>{z) on the unit circle. Let m G M such that v = then by ([64)) 

and Lemma [5.21 one has u G c{x,y). Moreover since is in the interior of the 
short interval between (f>{u) and (l){z) one has t G c(u, z) again by Lemma 15.21 □ 

5.2. Construction of R™"™''. We now use the preliminary results of the previous 
subsection to construct the hyperfield extension of S. 

Theorem 5.6. On the set M there exists a unique structure of hyperfield ]Rconvex _ 
(K, +c, •), where Va;, y G M one sets x +cy = c{x, y) i.e. 

X +cy {ax + l3y \ a > 0, /3 > 0, sign {ax + j3y) ~ a sign [x) + /3 sign (y)} (65) 

and where the multiplication ■ is the classical one. The hyperaddition +c on JJ'^™™'' 
is uniquely determined by the properties: 

(1) X +cy = {x,y) V 2/ > .T > 

(2) S C M'=°"™^ as a sub-hyperfield. 

Proof. The operation x +c y ~ c{x, y) is commutative by construction. For a: = 
one has 



Thus is a neutral element. By ([60)). one has Q e x +cy <^ y — —x. Note that one 



</.(t) = Ai0(x) + A20(y) + A3(/)(z) , A, > . 



0(t) A- V(w) + A30(z) e 0(u) + 0(z) 



y CRJ0(2;)+R^0(y). 



(64) 



+c y = {/3y I /? > 0, sign (/3y) = (3 sign (y)} = {y}. 



has 



X +c (-a;) = {-X, 0, a;} , Vx G M 



(66) 




(67) 



(68) 
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This holds for a = 0. For a > the statement follows from by using the 

equality sign (az) ~ sign (z) which is valid for all z G M. The claim holds also for 
a < 0, in fact it follows by applying and sign(az) = — sign(z) for all z G M. 
The associativity of the hyper-addition +c follows from Lemma 15.51 which shows 
that (x +c y) +c z ~ Uugc(2:,i/)c('", z) is symmetric in x,y,z. Now, we prove the 
reversibility of the hyper-addition +c- By Lemma 15.21 one has 

-z e .T +, y 4^ e M^0(.t) + m.l(l){y) + M^(/)(z). 

Since this equivalent condition is symmetric in x, ?/, z we obtain the reversibility. 
To prove the uniqueness of it is enough to determine the hypersum l+^x <Z 

]R assuming x ^ {0,±1}. For x > 0, this is the interval between 1 and x. Assume 
then a; < 0. For y < 0, one has using reversibility, 

y&l+c.x ^ xey-cl ^ -x e -y +c 1 = {-At/ + (1 - A)|A e (0, 1)}. 

Thus, for X < 0, we know the description the intersection (1 +c H (— cxd,0), i.e. 
if \x\ < 1, it is the interval {x,0) and if |a;| > 1 it is (—00,2;). By applying the 
distributivity we know, for x < 0, that (—1 —cx) fl (0, 00) = — ((1 +c x) n (—00, 0)), 
and hence this determines t{—l — c x) fl (0, 00) for t > 0. Taking t = —l/x > 0, this 
determines {l/x +c 1) fl (0, 00) which gives 

if|a;|<l : 0)) = t(0, -x) = (0, 1) 

if |x| > 1 : t(-(-oo, a-)) = i(-.T, 00) = (1, 00). 

Thus, for X < we get, replacing x by l/x, 

|x| < 1, X < 1 +cX = (x,0) U (1,00) 
|x| > 1, X < => 1 +c X = (-00, x) U (0, 1) 

which gives the required uniqueness. □ 

Proposition 5.7. Let Aut(M™"™'^) be the group of automorphisms of the hyper- 
field The following map defines an isomorphism of (multiplicative) groups 
^ Aut(M™"™-^), A ^ Ox, where 

61a (x) = x^ Vx > 0, 61a (x) = X , Vx e S c (69) 

Proof. Let first check that (p^ defines an automorphism 9x G Aut(K'^°"™'^). Since 
9\ is compatible with the product, one just needs to show the compatibility with 
the hyperaddition +c. This can be checked directly. Let then a 6 Aut(M'^°"™'^) 
be an automorphism. Since —1 is the unique additive inverse of 1, one gets that 
a(x) = X , Vx £ S C Since the subgroup of the multiplicative group is 

the subgroup of squares, it is preserved globally by a and thus a defines a group 
automorphism of M^. Furthermore, since a is compatible with the hyperaddition 
its restriction to is monotonic and hence it is given by a(x) = x^ for some 
AgR^. □ 

Remark 5.8. There is no intermediate sub-hyperfield S C C since for 

^ ^ {0, ±1}, one would have ±^ > and then 1 -I- ^ would contain an open interval 
generating the multiplicative group (one has —1 G F). 
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5.3. The hyperfields S[G]. In this section wc show how to extend the construc- 
tion of K^onvcx ^ functor G t-^ S[G] from the category of totally ordered non- 
discrete abelian groups to hyperfield extensions of S. For K-vector spaces E with 
dimK(^') = 2, Remark 3.7 of [8] shows a simple "set-theoretic" construction of 
this functor since in that case there is a single line in the corresponding geometry. 
We first describe an analogous construction for a S-vector space, starting with an 
ordered set G such that (a, b,c £ G) 

Va < 6, 3c, a < c < &, G has no minimal or maximal element. (70) 

On the set 

S(G) :=-G[]{0}[]G 

we define the hyperaddition as follows: 



x>0, y>0, x^y x + y 

X = y > X + X 

X > X + {—x) 

X > 0, y < 0, X > ~y x + y 



{z\mi{x^y) < z < sup{x,y)} (71) 

X 

{0,±x} 

{z\z > x]\J -{t\t < \y\}. 



Then, we extend this hyperaddition uniquely using the rule — (a + 6) = —a — 6, + 
x ^ X + = x. 

Proposition 5.9. (S(G),+) is a S-vector space. 

The main point in the proof of the above proposition is to check the associativity 
and then to note that all ordered configurations which occur in S(G) also occur in 
j^convcx 'pjjyg ^j^g associativity follows from that case using the condition ([70|) to 
obtain the symmetry of (x + y) + z in x, y, z. 

Theorem 5.10. Let G be a totally ordered commutative group fulfilling ()70p . then 
S(G) is a tiyperfield extension ofS. 

Proof. It follows from the above proposition that S(G) is a hypergroup. Moreover 
the operation x — > —x is an automorphism of S(G). We denote G as a multiplicative 
group. The multiplication La by a fixed element a G G preserves the order and 
hence it is compatible with the hyperaddition La{x + y) := La{x) -\- La{y). This 
shows that if one endows S(G) with the product of G satisfying (—1)^ = 1, then 
we get a hyperfield. One has 1 + 1 = 1 and — 1 + 1 = {0, ±1}, thus S(G) contains 
the hyperfield of signs S. □ 

By applying this result to G = (~ R) as ordered multiplicative group, one then 
gets a canonical isomorphism 

S(KJ) ~R'=™^"''. (72) 

6. Function theory for hyperrings 

We recall that a function on a scheme X, viewed as a covariant Z- functor X : 
IHing 6ets, is a morphism of Z-functors / : ^ — >■ f , where V is the functor 
affine line V = spec(Z[T]), with geometric scheme Spec(Z[T]) (c/. [14] Chapter I 
and [H]). When X = Spec (i?), with R e obj($Hing) {i.e. R a commutative ring with 
unit), one derives a natural identification of functions on X with elements of the 
ring R 

HomiRinB(Z[r],i?) (73) 
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In the category of hyperrings, the identification (j73p no longer holds in general. 
Indeed, K has only two elements while Homering (2^ [2^], K) ~ Spec (Z[T]) is count- 
ably infinite (c/. [S] Proposition 2.13). In the following sections we take up the 
study of function theory on the spaces Spec K and Spec S i. e. we describe the sets 
V{K) = Homf,nnB(Z[r],K) and of P(S) = Hom,f-,HnB(Z[T], S) together with the 
hyperoperations coming from addition and multiplication of functions. 

6.1. Coproducts and homomorphisms to hyperrings. Let H be a commu- 
tative ring with unit, and let A : H — > 7^ ®z % he a coproduct. Given two ring 
homomorphisms (/Jj : H — > i? (j = 1, 2) to a commutative ring R, the composition 
= {ipi (i)if 2)0 /S. defines a ring homomorphism Lp : % ^ R. When i? is a hyperring, 
one introduces the following notion 

Definition 6.1. Let (H, A) he a commutative ring with a coproduct and let R be 
a hyperring. Let ipj G Homs-jtingiH, R) , j ~ 1,2. One defines 

'Pi *A ^2 = W ^ Homfi^ingiH, R)\lp{x) G (pi{x(i))(p2{x(2)), 

for all decompositions A(a;) = ® a;(2)}. (74) 

In general, for x Cz Ti, there are several ways to write 

A(a;) = ^X(i) (g)X(2) (75) 

which represent the same element of H®?^. The condition (/^(a;) e 'Pi(^(i))V'2(a;(2)) 
has to hold for all these decompositions. In general, (pi *a ^2 can be empty or it 
may contain several elements. When ipi *a </'2 — {v} is made by a single element 
we simply write ipi ★a ^2 = 

The canonical homomorphism Z — > H induces a restriction homomorphism 

TT : Hom(H, R) Hom(Z, R). (76) 

The following lemma shows that (pi -k/^ (p2 is empty when the restrictions TT{ipj) = 
ipj\z are distinct. 

Lemma 6.2. Let {Ji, A) be a commutative ring with a coproduct and let R be a 
hyperring. Let ipj G Homsj^^iagiH, R) , j = 1,2. If if € ipi *a ¥'2, then 

v\z = fih = ^2^- (77) 

Proof. One has A(l) = 1 (3 1 and thus A(nTO) ~ n®m , Vn, m G Z. Taking n = 1, 
(|74p gives (p(m) = </32("^) for all m G Z so that = (P2\l and similarly taking 
m = 1 we get (/sjz = y^ilz- D 

Lemma 6.3. Let (p ^ (pi *a V2 o^nd let Jj = Ker{ipj) (j ^ 1,2) be the associated 
ideals of T-L = Z[T]. Then, one has 

(p{x)^0 Vx with Ax e Ji(g)n + U(g) J2. (78) 

Proof. Write a decomposition of the form 

Ax = ^ Xi ® Hi + '^Hl® x'^, Xi e Ji, G J2. 

Then one has 

^{x) G ^(/Ji(a;,)</32(7?.) + ^'/'i(^^fc)<^2(4) = 0. 

□ 
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Let Jj be ideals in T-L. The subset J = Ji (E) H + "H ® J2 H <E) H is a.n ideal of 
T-L®T-L and we set 

Ji *A J2^{x<E H\Ax e J}. (79) 
Since A is a ring homomorphism, Ji *a J2 is an ideal of Ti. 

Lemma 6.4. For any </? G *a y^2, one has Ker{ipi) *a Ker{ip2) C Ker(ip). 

Proof. Let Jj = Ker{(pj) [j = 1,2). For Ax G J = Ji J2 it follows from ((TS]) 
that (/?(x) =0. □ 

6.2. Hyperoperations on functions. The above results allow one to define the 
algebraic structure on functions, i.e. on the elements of I?(i?) = Hom(Z[r], i?). 
Here we use the 2 coproducts on H = Z[T] which are uniquely defined by 

A+{T)=T(g>l + l(g)Ten®n (80) 

and 

A^(r) = T G H. (81) 

Definition 6.5. Let R be a hyperring and ipj G i7om(Z[r], i?) be two functions. 
Let A* be either A+ or A^ . One sets 

(pi *A* <<52 = {',5 e i/om(Z[T],i?)|.^(a;) G ^ (pi(a;(i)).^2(a;(2))} (82) 

for any decomposition A*x ~ ^ X(^ij (8) a;(2)- 

We now give a general construction of the elements ip £ ipi ^a ^2- 

Lemma 6.6. Let A be a ring and let G C A^ be a subgroup of the units of A. 
We denote by R ~ A/G the quotient hyperring and we let e : A ^ A/G the 
projection map. For a £ A, let ipa ■ Z[r] A be the ring homomorphism given by 
(pa{p{T)) = p{a) and we let 

p^a ■■ Z[T] -^A/G p>a^(-0 (pa (83) 

to be the composite homomorphism (of hyperrings). Let A* : Z[r] — > Z[T] ®z Z[r] 
be a coproduct and m : A® A ^ A the multiplication map. For a,b £ A, we let 
c £ A be 

c = HT) , = m o ((^„ ^b) o A* : Z[r] ^ A. (84) 
Then, for any decomposition A*p = ^^^(i) ®V{2)7 one has 

•fcipiT)) £ ^ipa{p(l))'Pb{P(2))- (85) 

Proof. Notice that ip is determined by 'ip{T) = c, thus ip = (pc and ipc — £ ° ip- If 
A*p = '^^(2) one gets, by §^ 

^(P) = 'fa{P{i))'Pb{P{2)) e A. (86) 
Since e(^ xt) £ ^ -^i one obtains 

^c{p) e Yva{P(l))^b{P{2)) (87) 

as required. □ 



Lemma 6.7. With the notations of Lemma \6.6\ and for any a,b £ A, one has 

fa+b 6 fa *A+ 'Pb 
fab e fa *Ax fb- (89) 
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Proof. By applying Lemma 16.61 to the coproduct A* = resp. A* = A^ , one 
gets c ~ a + b, resp. c = ab. □ 



7. Functions on Spec (K) 

In this section we study the set of functions on Spec (K) with their hyperoperations. 
The map tt : Hom(Z[T],K) — !■ Hom(Z,K) (c/. ([76])) maps these functions to SpecZ 
and we know (c/. Lemma [6. 2 p that the hyperoperations in 2?(K) = Hom(Z[T],K) 
occur fiberwise. We shall thus describe separately these hyperoperations within 
elements of the same fiber tt~^{p), p S SpecZ (here, tt~^{p) refers to 7r~^(a), for 
a : Z — )■ K, i.e. we identify p £ Spec (Z) with the kernel of a homomorphism a). 

7.1. Functions on Spec(K): the fiber over {0}. In the following, we consider 
the fiber of tt over the generic point {0} of SpecZ. Let ip G IIom(Z[T], K), then 
ip G 7r~^({0}) if and only if (p{n) = 1 for all n 6 Z, n 7^ 0. In turn, this holds if 
and only if ip is the restriction to Z[T] of an element of Honi((Q[T], K). This means 
that when ip G 7r^^({0}), one can extend iy9 to a homomorphism : Q[r] — > K by 
setting 

(p{p{T)) ^ Lp{np{T)) \/n^0, np eZ[T]. (90) 

By taking a common multiple of the denominators appearing in the coefficients of 
p{T) G Q[r], one sees that the definition of (p is independent of n and determines 
a multiplicative map. One also has 

viPi + P2) = finpi + 71P2) G ip{npi) + ip{np2) = <p>{pi) + (p{p2)- 

Thus, one obtains the identification 

= Hom((Q[T],K) = SpccQ[T]. (91) 

Moreover, if Ap = J2P{i) ®P(2) holds in the extension of the coproduct to Q[r] 
Q[r] ® Q[r], one can find Uj G Z \ {0} (j = 1, 2) such that the equality 

A(nin2p) = ® "2^(2) 

only involves elements of Z[T]. This shows that one can set ipi *a* f2 as in by 
implementing Q[r] rather than Z[r] in Definition 16.51 

7.1.1. Hyperoperations on non-generic points. We denote by 5 the generic point 
of SpecQ[T] = 7r^^({0}) and we first determine the two hyperoperations on the 
complement X = 7r~^({0}) \ {(5} of 5 in SpecQ[r]. This complement is the set of 
non-zero prime ideals of Q[r]. We identify X with the quotient of the field of the 
algebraic numbers Q C C by the action of the Galois group AutQ(Q): 

X = 7r-i({0})\{5}^Q/Aut(Q). (92) 

To a non-zero prime ideal p of Q[r] one associates the roots in Q of a generator of 
p. These roots form an orbit for the action of Aut(Q). 

Theorem 7.1. The hyperoperations <p\ ^a* V2 = +j x j 0/ sum and product on 
X = 7r^^({0}) \ {6} coincide with the hyper- addition and hyper-multiplication on 
the hyperstructure Q/Aut(Q). 
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Proof. Let (pj e Hom(Z[T],K) (j = 1,2) be associated to the prime polynomials 
qj e Z[T], i.e. Ker{ipj) C Q[T] is generated by q^. Let a G Z{qi) (resp. /? G ^(92)) 
be a zero of qi (resp. 52 )• By Lemma (here applied to A = Q and G = Q^), 
the homomorphism ip G Hom(Z[r], K) defined by 

<f{P{T)) = P{a + I3)G G Q/Q^ ~ K 

belongs to *a+ <y'2- A similar result holds for a/3 and A^. It remains to show 
that all elements of fi are of this type. We first consider the addition, i.e. 

the set (pi ip2- Let q G Q[T] be the monic polynomial whose roots (in Q) are all 
the a + l3, with a G Z{qi) and /3 G ^(^2), i-e. q{T) = nae2(9i), ^ez(,2) ~ " ~ 
Let n a non-zero integer such that nq{T) G Z[r]. Then, it is enough to show that 
nq(T) G Ker{ip) for any (p Cz (pi (^2- In fact, by applying Lemma 16.41 it is 
enough to show that 

nq{T) G Ker{ipi) Ker{^2) (93) 
for A* = A"*". The polynomial nq{T) is given, up to a multiplicative constant, by 
the resultant (c/. [2], A IV, 6) of qi and q2. 

q{Z) = ResultantT(gi(T),g2(^ - T)). (94) 

In particular, the polynomial q{X + Y) is the resultant 

q{X + Y) = ResultantT(gi(^-T),g2(>" + T)). (95) 

It follows from [2], A IV, 6, Remark 4, by evaluation at T = 0, that there exist 
polynomials A{X, Y) and B{X, Y) with rational coefficients such that 

q{X + Y) = qi{X)A{X, Y) + q2{Y)B{X, Y). 

Then ^ for A* = A+ easily follows. 

One proceeds similarly with the second co-product A^. The polynomial q is the 
monic polynomial whose roots (in Q) are the a/3 for a G Z{qi), (3 G ^(92) as 
above, i.e. q{T) = Y\a^z(qi) i3ez{q2)('^ ~ ^f^)- If /? = 0, then (|5T|) shows that the 
polynomial q{T) ~ T belongs to Ker{ipi) -k^x Ker(ip>2). Thus we can assume that 
the roots of q2{T) are all non-zero. The polynomial q is then, up to a multiplicative 
constant, the resultant 

q{Z) = ResultantT(gi(T),T'"g2(^/r)) (96) 

where m is the degree of (j2- In particular, the polynomial q{XY) is the resultant 

q{XY) = ResultantT(gi(A:T),T'"g2(i^/T)). (97) 

Then, it follows from [2], A IV, 6, Remark 4, by evaluation at T = 1, that there 
exist polynomials A{X,Y) and B{X,Y) with rational coefficients such that 

q{XY) = gi(X)A(X, Y) + q2{Y)B{X, Y). 

This imphes dM]) for A* A'' . □ 

7.1.2. Hyperaddition with the generic point. In this subsection we determine the 
hyperaddition law with the generic point S G Spec (Q[r]). We shall make use, as 
before, of the identification X = 7r-i({0}) \ {6} ~ (Q/Aut(Q). 

Theorem 7.2. In the fiber tt-\{0}) = Hom{Q[T],K) = SpccQlT], the hyperad- 
dition with the generic point S is given as follows 

• S*A+ S ^TT-\{Q}). 
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• (5*A+ a = 7r-i({0}), VaeQ\Q. 

• (5*A+ a = 5, Va e Q. 

Proof. Let A — C and G — . Then, with the notations of Lemma WM one has 

S^^a, Va e C \ Q. (98) 

Thus Lemma |6 . 71 shows that (5*^+ ^ ~ ""^^({O}) since any complex number can be 
written as the sum of two transcendental numbers. The same lemma also shows 
that contains E for any a G Q. The second and third equalities follow from 

Lemmas 17.41 and 17.51 proven below. □ 

Lemma 7.3. Let a{T) be an irreducible polynomial in Q[T] of degree > 1 and let 
J C Q[T] be the prime ideal generated by a{T) in Q[T]. Let P{T) be a polynomial 
inQ[T]. Let 

P{X + Y) = Y, A, {X)B, (Y) , A, , B, e Q[T] (99) 

be a decomposition ofA'^{P). Then, if the degree of P is strictly positive there exist 
at least two indices j in the decomposition (|99p such that Aj ^ and Bj J . 
If P is a constant polynomial and i = 1 is the only index in (|99p for which Ai ^ 
and Bi ^ J, then Ai{X) = d is a non-zero constant polynomial and a{T) divides 
dBi{T)-c. 

Proof. Let assume first that P is non-constant. Also, let assume that only Bi does 
not belong to the prime ideal J generated by a{T) in Q[T]. Let G Q, (£=1,2) 
be two distinct roots of a{T). Since Bj{ai) = for j ^ 1, one has, using ([M]) 

P{X + a,) = A^{X)Bi{ai) ,1=1,2. 

It follows that Bi{at) ^ and that 

P{X + ai)/Si(Qi) = P{X + a2)/Bi{a2) 

so that 

P(X + ai - a^) = \P{X) , A = Bi(«i)/Si(a2). 
But since ai — 0^2 ^ and A 7^ this yields infinitely many zeros for P, thus we 
derive a contradiction. 

Assume now that P = c is constant and i = 1 is the only index in (j99p for which 
A^^Q and B^ ^ J. Let a G Q be a root of a{T). Then JM]) implies that 

c = Ai{X)Bi{a). 

Thus Ai{X) = d is a non-zero constant. Hence Bi[a) = c/d is independent of the 
choice of a and dBi{T) — c is divisible by a{T). □ 

Let a(T) be an irreducible polynomial in Q[T], we set 

V^a - , Va G Q , a{a) = 0. (100) 
Lemma 7.4. Let a{T) be an irreducible polynomial in of degree > 1. Then 

<5*A+'/'a=^"'(0). (101) 

Proof. Let ip G 7r^^(0). In order to show that Lp ^ 6 '4'a, we need to prove that 
for any polynomial P G Q[r] and any decomposition as one has 

if{P) eY,5{A,)i^a{Bi). (102) 
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If there arc two indices i for which Ai ^ 0, Bi ^ J, then (|102l) follows from 
i^a{Bi) ~ 1 and 5{Ai) = 1 since we then derive 

Y,5{A,)MB,)^{QA}. (103) 

Thus Lemma [7.31 shows that (|102p holds when P is non-constant. If P = c ^ is 
constant and i = 1 is the only index i for which Ai ^ 0, Bi ^ J then by applying 
Lemma [7731 we get that Ai{X) = d is a constant and a(T) divides dBi{T) — c, thus 
t/ja{Bi) = ^Ja{dBi) = ipa{c) and both sides of (|102p are equal to {!}. Finally if 
P = then cither Bj e J for all j with Aj ^ or there are two indices j for which 
Aj ^ and Bj ^ ,/. In both cases on has (|102p . The inclusion 5 ipa C 7r^^(0) 
follows from Lemma [6.21 □ 

Lemma 7.5. Let a{T) be a polynomial in Q[T] of degree 1. Then 

S *A+ i'a = S. 

Proof. Let a(T) = mT — n where m ^ and m, n G Z. Let ip Q S •k/^+ tpa, we want 
to show that ip{P) = 1 for any polynomial P(T) ^ 0. Using the Taylor expansion 
of P at F = — . we have 

m ' 

P(X + Y) = P{X + -) + D{X, Y){Y - -) 
m m 

with D{X,Y) e Q[X, y]. By multiplying both sides of the above equality by a 
non-zero integer k to get rid of the denominators, we obtain an equality of the form 

dP{X + Y) = A{X) + E{X, Y)a{Y) 

where A and E have both integral coefficients. Then, the definition of d ■k^+ tpa 
shows that 

^(P) - ^(fcP) e S{A) = {!}. 
Thus (p{P) = 1 for any polynomial P(r) ^ and Lp = S. □ 

Remark 7.6. By Theorem 17. 1[ the hyperaddition in X = 7r~^({0}) \ {S} defines 
a canonical hypergroup. Using Theorem 17.21 one checks that the presence of the 
generic element 6 does not spoil the associativity. Indeed, the sum (x -k^+ y) z 
of three elements one of which is 5 is equal to 7r~^(0); unless the two remaining 
elements are in Q, in which case the sum is equal to &. Note also that one has 
X *A+ 2/ C Q only if x and y are in Q. However the reversibility property for 
hypergroups no longer holds since for a G Q and G Q \ Q one has 

a£6 ~ p , p 1^6 ~ a. 

7.1.3. Hyper-multiplication with the generic point. We shall keep using the identi- 
fication ((5^ . Note that is an absorbing element for the hyperoperation *a x ■ 

Theorem 7.7. In the fiber 7r-i({0}) = /fom(Q[T],K) = SpccQ[r], the hyper- 
multiplication with the generic point 6 is given by 

• (5*Ax (5 = 7r-i(0) \ {0}. 

• (5*Ax a = 7r-i(0) \ {0}, Va G Q a" ^ Q, Vn > 0. 

• S tItax a = {S}, Va G Q, a 7^ 0, a" ^ Q for some n> 0. 
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Proof. Let A ~ C and G = C^. Then, with the notations of Lemma [6.61 one has 
(j98p . Lemma 16.71 imphes the first equality sinee any non-zero complex number can 
be written as the product of two transcendental numbers. The same lemma also 
shows that S-k/^x a contains S for any non-zero a. The second and third equalities 
follow from Lemmas 17.101 and 1 7 . 11 1 here below. □ 

Lemma 7.8. Let a{T) be an irreducible polynomial in Q[T] which admits two non- 
zero roots ai,a2 € Q whose ratio is not a root of unity and let J C (Q[T] be the 
prime ideal generated by a{T) in Q[T]. Let P(T) be a polynomial in Q[T]. Let 

P{XY) = ^ MX)B,{Y) , A,,B, e Q[T] (104) 

be a decomposition of (P) . If P ^ has a non-zero root, then there exist at 
least two indices j in the decomposition p04p such that Aj ^ and Bj ^ J . 
If P ^ cT"-, c G Q and i ^ \ is the only index for which Ai ^ 0, Bi ^ J in (|104p . 
then Ai{X) = dX", with d e Q and a(T) divides dBi{T) - cT'^. 

Proof. Assume first that P has a non-zero root. We also assume that Ai ^ and 
only Bi docs not belong to the prime ideal J generated by a{T) in Q[r]. Let ai, 
I ~ 1,2, be two distinct non-zero roots of a{T) whose ratio is not a root of unity. 
Since Bjiptg) = for j ^ 1, one has 

P{Xae) ^ Ai{X)Bi{ai) , i = 1,2. 

Then, it follows that Bi{ai) ^ and 

P(Xai)/Bi(ai) = P{Xa2)/Biia2) 

so that 

P{Xai/a2) = XPiX) , A = Pi(ai)/Pi(a2). 
But since ai/a2 is not a root of unity, X ^ and P has a non-zero root, this 
argument yields infinitely many zeros for P, thus it produces a contradiction. 
Assume now that P = cT^, for c e Q and that i = 1 is the only index i in the 
decomposition (|104p of P{XY) for which Ai ^ and B^ ^ J. Let a e Q, a ^ be 
a root of a(T). Then (|104p implies that 

cX"a" = Ai{X)Bi{a). 

Thus Ai{X) = dX" where d ^ 0, d 6 Q. Hence Pi (a) = ca"/d and dBi{T) - cT" 
is divisible by a{T) since it vanishes on all roots of a{T). □ 

Lemma 7.9. Let a{T) be an irreducible polynomial in Q[T'] which admits two non- 
zero roots ai, a2 G Q whose ratio is not a root of unity. Then (cf. (jlOOp ) 

5*Ax V'a-^"^0)\{0}. (105) 

Proof. Let ip G 7r^-'^(0) with Lp ^ ijjT- We show that for any P G Q[P] and any 
decomposition (|104p . one has 

^(P)G^<5(A,)V^,(P,). (106) 

We first assume that P admits a non-zero root. By Lemma [7.81 there are at least 
two indices i = 1,2 for which Ai ^ Q, Bi ^ J . Thus 5{Ai) = 1, ipa{Bi) = 1 and so 

J2SiA,)MB,)^{0,l}. (107) 

The remaining polynomials P{T) have only the zero root T = and thus they are 
of the form cT" where c G Q. For c = 0, Lemma [7.81 shows that either all Bi G J 
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or there are at least two indices i = 1,2 for which Ai ^0, Bi ^ J. Thus in this 
case (|106p holds. We can thus assume c ^ 0. Since (p ^ ipx one has (p{P) = 1. We 
prove that the right hand side of (|106|) always contains 1. This statement holds 
when there arc at least two indices i for which Ai 0, Bi ^ J. By Lemma [7.81 if 
i = 1 is the only index i for which Ai ^ 0, Bi ^ J then A\(X) = dX", where d 7^ 
and a(T) divides dB\(T) — cT^\ It is enough to show that ij^aiBi) = 1. From the 
inclusion ipaix + y) C ipaix) + ipaiv) and the equality 

MdBiiT)-cT")=0 

it follows 

MBi) = MdBi) = V^a(cr") = 1. 

Finally, note that does not belong to 6 */^x ipa since iPt{T) = while A^(T) = 
r(g)T and (5(r) = ?/'a(r) = 1. □ 

Lemma 7.10. Let a{T) be an irreducible polynomial in Q[T] not proportional to T , 
such that the ratio of any two roots a\^ai 6 <Q of a{T) is a root of unity. Let P{T) 
be an irreducible polynomial in Q[T]. Then P{T) has a multiple M{T) ~ C{T)P{T) 
such that A^{M) admits a decomposition 

M{XY) = A{X)B{Y) + D{X, Y)a{Y) (108) 

where A ^ and B is not divisible by a. 

Proof. One has (ai/a2)" = 1 for a suitable n and all roots of a{T). Thus a" = 
A 6 Q for all roots a of a. This shows that a{T) is an irreducible factor of T" — A. 
Let N e Q[T] and consider the polynomial H{T) = A^(T"). Next we show that 
one has a decomposition 

H{XY) ^ A{X) + D{X,Y)a{Y). (109) 

We let A{X) A^(X"A) and note that K{X,Y) =^ H{XY) - iV(X"A) vanishes 
when F" — A and hence when F is a root of a{Y). Thus K{X, Y) is divisible by 
o(y) and it can be written in the form D{X,Y)a{Y); this proves (|109p . It remains 
to show that any irreducible polynomial P{T) has a multiple H{T) — C{T)P{T) 
of the form H{T) = iV(r"). Let 

P{T) = c\{{T - au) 
fe 

be the factorization of P(T) in Q[r]. Let 

H{T)^N{T''), N{T) = cY[{T-al). 

k 

Then N{T) G Q[T] and P divides H. This provides the required conclusion. □ 

Lemma 7.11. Let a{T) be an irreducible polynomial in Q[T] not proportional to 
T, such that the ratio of any two roots ai, a2 of cl(T) is a root of unity. Then 

S*A-i'a^S. (110) 

Proof. Let ip G ipa- Let P{T) be an irreducible polynomial in Q[T]. We want 

to show that ip{P) = 1. By Lemma[L10l P(T) has a muhiple M{T) = C{T)P{T) 
fulfilling (fT08| . Then 

^(A/)G<5(A)Va(S) = l 
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thus (p{M) ~ 1 and (p{P) ~ 1. This shows that only 6 may belong to (5*^x ipa and 
this is the case as follows from the proof of Theorem 17.71 □ 



Remark 7.12. By Theorem l7.11 the hypermultiplication in 7i'^^({0})\{0, 6} defines 
a canonical hypergroup. Using Theorem 17.71 one checks that the presence of the 
generic element 6 does not spoil the associativity. Indeed the product (x*ax 2/)*ax ^ 
of three non-zero elements one of which is S is equal to 7r~^(0) \ {0} unless the two 
remaining elements are in Q''°°* = {a \ 3n, a" S Q} and in that case the product is 
equal to i5. Note that one has x*a>! 2/ C Q''°°' only if a; and y are in Q''°°'. However 
the reversibility property for hypergroups no longer holds. 

7.2. Functions on Spcc(K): the fiber over {p}. Let p be a prime integer. In 
this section we compute the hyper-addition and the hyper-multiplication in the 
fiber 7r~^(p) of tt : IIom(Z[T],K) — >■ Hom(Z, K). We let be an algebraic closure 
of the field of fractions Fp(T). 

Theorem 7.13. The following map determines a bijection o/il/Aut(f2) with the 
fiber TT-^p) C Hom{Z[T],K) 

aen^ifio., ipa{P{T)) = P{a)n'' en/n"" ^K. (iii) 

The hyperoperations (pi *A' V2 (* ~ x) on the fiber Tr~^(p) coincide with the 
hyper- addition and hyper-multiplication of the hyperstructure r2/Aut(r2). 

Proof. For a £ one has by construction Lp^ & '^~'^{p) C IIom(Z[T], K). Con- 
versely, let (fi g TT~^{p), then the kernel of (p determines a prime ideal J C Fj,[r]. 
If J = {0}, then ip = ipa for any a G V, \ ¥p. By [2] Proposition 9 (Chapter V, 
§XIV, AV 112), the group Aut(n) acts transitively on the complement \ Fp of 
the algebraic closure of Fp. If J ^ {0}, then it is generated by an irreducible (sep- 
arable) polynomial a(T) G Fp[r] and ip = ipa for any root of a(T) in Fp C Jl. The 
set of roots of a(T) in Fp C is a single orbit of the action of Aut(Fp) and hence 
of Aui{Vt) {cf Coronary 1, Chapter V, §XIV, AV 111). This proves the first 
statement. The proof of Theorem 1 7. 1[ with Fp[T] in place of Q[T] shows that the 
hyper-operations </Ji*a*¥'2 (* = +, x) of sum and product on the complement of the 
generic point in 7r~^(p) coincide with the hyper-addition and hyper-multiplication 
on the hyperstructure Fp/Aut(Fp). It remains to determine these operations when 
the generic point 5p is involved. It follows from Lemma 16.71 applied to K ~ VI /Vl^ 
that 

5p*A+ 5p = TT^^ip). 

The end of the proof then follows from Lemma 17.151 and Lemma 17.171 □ 
We now use the existence of enough "additive" polynomials in characteristic p {cf. 

US)- 

Lemma 7.14. Let a{T) G Fp[r] be an irreducible polynomial of degree n > 0. Let 
SmiT) = TP — T , with n\m. Then, there exists B{T) G Fp[T] such that 



S„^{Y) = B{Y)a{Y) (112) 

5,„(X + ¥)= 5,„(X) + B{Y)a{Y). (113) 

Proof. Every root of a{T) in Fp is a root of Sm{T), thus a divides Sm- The second 
statement follows from the equality Sm{X + Y) = Sm{X) -\- SmiY). □ 
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Lemma 7.15. Let a{T) G Fp[T] be an irreducible polynomial of degree n > 0. Then 

Sp *A+ ipa = Sp. 

Proof. Let P{T) G Fp[T] be an irreducible polynomial of degree k and let (p G 
Sp*A+ 4'a- Then we show that 'p{P) = 1. By Lemma [7.141 Sm is a multiple of P for 
any integer multiple m of the degree k of P. By taking m = kn and using Lemma 
I7.14[ we obtain 

A+{S,n) = Sm®l + l®Ba, ip{S,n) G SpiS,n)M^) + 6pil)MBa) = {!}. 

Since P divides Sm, one gets ip{P) = 1. This shows that only 6p can belong to 
Sp *A+ ^a- Finally we prove that dp ★a+ V'a 3 (^p. This follows from Lemma 16.71 
applied to fl/fl^ ~ K, since Sp = ipj for any 7 G f2 \ Fp and ipa = for any root 
a of a. □ 

Lemma 7.16. Let a{T) G Fp[r] be an irreducible polynomial of degree n > 0, 
not proportional to T. Let Uk{T) ~ T'' — 1, with n\k. Then, there exists 
B{T) G Fp[r] such that 

Uk{Y) - B(Y)a{Y) (114) 

Uk{XY) = C/fe(X)yf'-i + B{Y)a{Y). (115) 

Proof. Every root of a{T) in Fp is a root of Uk and thus a divides Uk. The second 
statement follows from the equality 

(xy)p'-i - 1 = {xp"-' - l)YP''-^ + {YP"-^ - 1). 

□ 

Lemma 7.17. Let a{T) G Fp[T] be an irreducible polynomial of degree n > 0, not 
proportional to T. Then 

Sp V'a = Sp. 

Proof. Let P{T) G Fp[r] be an irreducible polynomial not proportional to T. Then, 
by taking for k a common multiple of n and of the degree of P, one gets from pi2p 
that Uk{T) is a multiple of P{T) and it fulfills (jllSp . Let (y9 G (Sp *ax '/'a- We show 
that if{P) = 1. It is enough to prove that (p{Uk) = 1- From (jllSp . it follows that 

A"" (Uk) = Uk® TP'-i + l®Ba, ^{Uk) G 5p{Uk)MTP'-^) + Sp{l)MBa) = 1. 

One has A^(T) =T®T &nd thus ip{T) G Sp{T)ipa{T) = {1} so that (p{T) = 1 and 
one gets (p = Sp. Since Lemma |6 . 71 shows that Sp G Sp-k^x ijja, one gets the required 
conclusion. □ 



8. Functions on Spec (S) 

We recall that S = {±1,0} is the hyperfield of signs. We start by describing the 
functor Hom(-, S) on ordinary rings. We let 

I I : S ^ K (116) 

be the homomorphism absolute value. Thus, for a given (commutative) ring A and 
an element ip G Hom(A, S), one has: | \ o ip — \ip\ £ Hom(y4, K). This composite 
map is determined by its kernel which is a prime ideal of A. We recall (c/. [8] 
Proposition 2.11) the following result 
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Proposition 8.1. An element ip G Hom{A,S) is determined by 

a) its kernel Ker((p) £ Spec (A) 

b) a total order on the field of fractions of A/p, p = Ker{ip). 

Note that given a prime ideal p C A and a total order on the field F of fractions 
of A/p, the corresponding homomorphism cp G Honi(y4, S) is the composite 

ip:A^ A/p F ^ F/F/^ ~ S. (117) 

The kernel of is p and (p^^(l) determines the order on F. 

8.1. Description of Hom(Z[T],S). Notice that since 1 + 1 = 1 in S, the set 
Hom(Z, S) contains only one clement which corresponds to Ker{ip) = (0) (here 
A ~ Z) and the usual order on Q. We call this element (p the sign. Thus, for 
ip G Hom(Z[T],S) = 2?(S) a function over Spec(S), the restriction of 93 to Z is 
equal to the sign and there is a unique extension tp oi ip to Hom(Q[T], S) given by 

ipip{T))^ip{np{T)), n > 0, np{T) e Z[T]. (118) 

This construction determines an identification Hom(Z[r], S) ~ Hom((Q[r], S). The 
functions on Spcc(S) arc thus determined by elements of Hom(Q[T], S), i.e. by 

a) a prime ideal J C Q[T] 

b) a total order on the field of fractions of Q[T]/J. 

The description of the set Hom(Q[r], S) is given in [8] Proposition 2.12. 
Proposition 8.2. The elements ofT>{S) = Hom{Z[T],S) are described by 

^xiP{T)) = Sign(P(A)) , VA G [-00, 00] (119) 
and, for A G Q H M, by the two elements 

L^tiPiT)) = lun^ Sign(P(A ± e)). (120) 

One has the natural map 

Re : Hom(Q[T], S) ^ [-00, 00] (121) 

defined by 

Re{ip) = sup{a G Q, (p{T - a) = 1} G [-00, 00]. (122) 

The set of rational numbers involved in (jl22p is a Dcdekind cut (with a possible 
largest element). One thus gets 

ip{T - a) = 1, Va < Re{ip) , Lp{T - a) = -1, Va > Re{Lp). (123) 

Corollary 8.3. (1) Let ip G _ffom(Q[r], S). If Ker{ip) ^ (0) is generated by the 
prime polynomial q(T), then Re((p) = a is a root of q{a) = 0, and p — uja- 

(2) There is only one p> G -ffom(Q[r], S) such that Re{ip) = +00 (resp. —00) and it 
is given by 

ip{p{T)) = lim Sign(p(a)) {resp. lim Sign(p(Q!))). (124) 

a— >oo Q— f — 00 

(3) // A G M \ Q, then uj\ is the only element tp such that Re{tp) ~ ^■ 

(4) If Re{ip) = a G Q and Ker{ip) = (0), then = where s = ip{q) G {±1} and 
q G Q[T] is an irreducible polynomial such that q{a) = and q'{a) > 0. 
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Proof. All statements are straightforward consequences of the concrete description 
of the elements of Hom(Q[T],S) given in Proposition 18.21 Next, we shall explain 
briefly how the above statements can be proven directly using [5] Chapter VI. 

(1) When Ker(ip) ^ (0), the quotient F = Q[T]/Ker{ip) is a finite extension of Q 
and a total order on F is necessarily archimedean and hence it is given by an order 
embedding F C M i.e. the map P{T) n- P{a), where a is a real root of q{T). One 
then gets Lp ~ uia and Re{(p) = a. 

(2) If Re{ip) = +0O, one has T > n for all n G N for the corresponding order on 
Q[T] and the proof of Proposition 4 of g] A.VI.24 shows that ([1^1)) holds. 

(3) , (4) Assume that Re{tp) = a eR and Ker{tp) = (0). Then, by Proposition lO 
one gets a total order on the field Q{T) of rational fractions and for some n G N 
one has — n < T < n. Thus, all polynomials p(T) are finite, i.e. they belong to an 
interval [— m,m] for some finite m. If all fractions p(T) / q{T) are finite, then the 
order on Q(T) is archimedean and thus one derives an order embedding Q{T) — > M 
which shows that (p ~ uja, ct ~ Re{(p). Since p{T) is finite, this can fail only when 
some q{T) is infinitesimal 

±q{T)<l/n V?iGN. (125) 

Thus the statements (3), (4) follow from the next lemma. □ 

Lemma 8.4. Let < be a total order on Q[T] such that T is finite. Let J be the set 
of polynomials q{T) G Q[T] fulfilling (|125p . Then 

• J is a prime ideal 

• The sign of p ^ J only depends upon the class of p in the quotient Q[T]/J and 
there exists a real root a of the monic polynomial a(T) generating J such that 

p>0 ^ p{a) > , \/p (/,,]. (126) 

• The total order < is uniquely determined by a and the sign of a{T). 

Proof. Since p{T) is finite, \/p{T), J is an ideal. Moreover, if qj{T) > l/nj one has 
qi{T)q2{T) > l/rii?72 and one derives that ~ Q[T] \ J is multiplicative, thus J 
is prime. 

Next we show that the total order of Q[T] defines a total ordering on the quotient 
Q[T]/J. This follows by noticing that if p{T) > in Q[T] and p{T) ^ J, then 
p{T) + r(T) > for any r{T) G J. Indeed, since p ^ J, one has p{T) > 1/n for 
some n G N, but then since —r<l/n, one derives p + r > 0. Thus, one gets a total 
order on Q[T]/J. As in the proof of (1) in Corollary 18. 31 this order is archimedean 
and thus it is produced by an algebraic number a, root of the generator a{T) of 
the prime ideal J. Thus (|126|) follows. Let p{T) G Q[T], then there exists a unique 
n such that p e T\ p ^ J"+^ On has p = a" A where A ^ J. Since A ^ J, the 
sign of A is given by the sign of A{a) ^ 0. Thus the sign of p is determined by the 
sign of a. □ 

8.2. Operations on functions on Spec (S). We now investigate the hyper-structure 
on the set of functions on Spec (S). We consider the finite functions, i.e. the ele- 
ments of 

2?fi„ite(S) = G Hom(Q[T], S) | Re{^) G R}. (127) 

Let F = M(e) be the ordered field of rational fractions in e, with e > and infini- 
tesimal. In particular, the sign of a polynomial p{e) = afcC*^ -|- ak+ie^^^ H h a„e" 
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is given by the sign(afc) i.e. by the hmit 

hm sign(p(e)). (128) 

Any finite function (p with Re{ip) = a can be obtained as the composite 

Q[T] 4 F ^ F/F^ ~ S , p{T) ^a + te (129) 

for some i G M. 

Lemma 8.5. Let (pi, (p2 G Hom(Q[T], S) be two finite functions with Re{ipj) G M, 
j = 1,2. Then 

(1) ipi *A+ </52 o,TT-d Vi *Ax ^2 olts non-cmpty sets. 

(2) Re{ip) = Re{ipi) + Re{ip2), £ (^i *a+ •^2- 

(3) Re{(p) = i?e((/?i)i?e((^2), V(/3 G (/^i *ax V2- 

Proof. Lemmas 16.71 and p29p ensure that tpi *a+ f2 and *ax V2 are non-empty 
sets. For j = 1,2, let = Re[ipj). Let </? G (^i *a+ '■P2- For G Q, one has 
A+(T - ai - 02) = (T - ai) (g) 1 + 1 (g) (T - 02) so that 

Lp{T - ai - 02) G <^l(r - ai)(y92(l) + <y9l(l)l/32(r - 02) (130) 

By applying (|123p . the above inclusion shows that if Oj < aj then <p(T — ai — 02) ~ 1 
and ai + 02 < Re((p). Similarly, if aj > aj, one gets that ip(T — oi — 02) = —1 and 
ai + a2 > Re{(p). This shows that Re{(p) = ai + Q!2 and (2) follows. 
Let (fi G ifii */^x (p2. For a, 6 G Q, one has 

A'' (T - a6) = T ® T - a6 = (T - a) (g) T + a ® (T - 6). 

Thus 

if{T - ab) G (^i(T - a)v?2(T) + ifi{a)^2{T - b). (131) 
To prove (3), we first assume that oij ~ Re((pj) > 0. This implies (pj{T) ~ 1. Thus, 
for < a < Qi, < 6 < a2, one gets (p(T~ab) G (pi{T~a)ip2{T) + (pi{a)(p2{T-b) = 
l-l+l-l = 1. Similarly, for ai < a, a2 < b, one gets in the same way (p(T—ab) = — 1. 
Thus, one derives Re((p) = OL\a2 when > 0. One can check easily that the same 
result holds when Uj ^ 0. Indeed, one can change the signs using the automorphism 
cr G Aut(Q[T]), cr(T) = -T. This way one obtains 

Rei^") = -Re{ip) (132) 
where (p'^ ^ ip o a, ior (p E Hom(Q[r], S). Moreover it follows from 

A"" o a = {a® id) oA"" = {id® a) oA"" (133) 

that 

*Ax (P2 = iVl *Ax ^2^- (134) 

We still have to consider the case when one of the aj's vanishes. Assume ai ~ 0. 
If ipi{T) = 0, then for any ^ E ^1 *ax ^2 one has ip{T) = since (T) = T (g T. 
This shows that = is an absorbing element. Then, by using the above change 
of signs automorphism (if needed), it is enough to consider the case (pi = oJq and 
(P2{T) = 1. One then obtains a2 > 0. Let 6 G Q, 6 > 0:2 and c > 0. Let a > 0, 
ab < c. Then, by applying p31|) we conclude 

(p{T - ab) e ipi{T - a)ip2{T) + <pi{a)ip2{T - b) = -1. 

Thus, one gets (p{T — c) ~ —1. By (|123p this gives c > Re{p) and since c > 
is arbitrary, one gets Re{ip) < 0. But since (p2{T) — 1 one obtains ip{T) G 
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(pi{T)ip2{T) = 1 for any (p e (fi *ax >f2- This implies Re{ip) > and one then 
derives Re{(p) = 0. Then, (3) foUows. □ 

Lemma 8.6. Let ipi,(p2 e Hom{Q[T],S), with aj ^ Re{ip-j) e R (j ^ 1,2) and 
assume a\ ^ Q. Them 

(1) H<A+ = i?e"^(ai + a2). 

(2) I] a-2 7^ 0, one has ipi (p2 = Re~^{aia2)- 

(3) //a2 = 0, one has ipi (p2 = where s = sign (ai)(/?2(T')- 

Proof. Lemma 18.51 determines ipi Lp2 {resp. ipi h<ax (^2) if ai + a2 ^ Q {resp. 
0.10-2 ^ Q), since in that case Re~^{a.\ + 02) (resp. _Re~^(aia2)) is reduced to a 
single element. To show (1) we can thus assume that ai + a2 G Q- Then otj ^ Q 
and iy9j can be written in the form (jl29p for any choice of t. One can then use 
Lemma 16.71 to show that the three (/s's with Re(ip) ~ ai + a2 are in ipi Lp2. 
A similar argument applies to show (2), since one can choose tj G R such that 
p{T) I— sign {p((ai + tie)(a2 + ^2^)) yields any given element of Re~^{ai02). 
Finally, to prove (3) we note that if 02 = then <^ G (ySi *ax ¥^2 is determined by 
ip{T) G S and this is given by ipi{T)ip2{T) = sign (Q;i)^2(r). □ 

Lemma 18.61 determines the hyperoperations except when both aj G Q. To discuss 
thoroughly the case Oj G Q, we first need to state the following two lemmas. 

Lemma 8.7. Let A{X,Y) G Q[X,Y] and let G K such that A{ai,a2) > 0. 
Then, there exist polynomials Lj G QlX] and Rj G QlY] such that 

A{X,Y) = Y^L,{X)R,{Y), L,{ai) > 0, R,{a2) > 0. (135) 

Proof. One has 

A{X, Y)=Y, cin.rnX"Y"\ ^ a„,„a>^' > 0. 
We take en,m > such that £, ~ J2 an,mQ!i a™ — J2 ^n,m > and write 

A{X, Y) = ^(a„^,„X"y™ - a„,„a>^ + e„,„0 + ^ 
This shows that it is enough to prove the lemma in the special case 

A{X, Y) = aX"Y"' - b , a<ag' > b. 
In this case one can find A, yu G Q such that 

a« - A) > , « - /i) > , A(ai, as) > a« - A)« - fx). 

Indeed, this follows by using A = a" — ci, /i = a™ — £2 and taking with aei > 
and e2 > small enough so that 

aeie2 < A(q!i, 02). 
One has the decomposition (|135p 

a{X" ~ X){Y"' - ^i) = Li{X)Ri{Y) , Li(ai)>0, i?i(a2)>0. 
It is thus enough to look at the remainder 

Ai{X, Y) = A{X, Y) - a(X" - X){Y^ - n). 
Then, Ai {X, Y) is a polynomial of the form 

Ai{X, Y) = aX" + /3y™ + S , Aiiai,a2) = aa^ + I3a^ + S > 0. 
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Thus, one derives the description 

Y) ^ - O + 5i) + - O + ,52) , 5, > 0. 

which is of the form ()135p since 

AiiX,Y) = L2iX) + R2iY),L2iai)>0, i?2(a2) > 0. 

□ 

Lemma 8.8. Let pi and p2 be two irreducible polynomials in Q[T]. Then a poly- 
nomial p{X, Y) belongs to the ideal 

J = {pi{X)A{X, Y) + P2{Y)B{X, Y)\A,Be <Q[X, Y]] c Q[X, Y] (136) 

if and only if p(a, /3) — 0, y a £ Z(pi), /? G Z(p2)- 

Proof. By the NuUstcUensatz, it is enough to show that 'Q[X,Y]/J is a reduced 
algebra. By construction Q[X,Y]/J ~ Q[X]/{pi) ® Q[F]/(p2) and since is 
irreducible, this is the tensor product of two fields, hence it is reduced. □ 

Proposition 8.9. The hyperaddition *a+ on functions ip e Hom{Q[T],S) satisfy- 
ing the condition Re{ip) G Q H M coincide with the hyperaddition m S x (Q n M). 

Proof. We first consider the case ipj = LOa. . Then, by applying Lemma [63 one gets 
that 0^(11+02 is the only element in ipi *a+ since its kernel is non trivial. Using 
P29p one gets, with a ^ ai + a2 

w+ = UJ+ euja, (137) 

We need to show that there are no other solutions in the last two cases. Let Pj{T) S 
Q[T] (j = 1,2) be two irreducible polynomials with Pj{aj) = and p'j{aj) > 0. In 
general, the polynomial q{Z) obtained in (j94p . i.e. as the resultant in the variable 
T of pi{T) and p2{Z ~T), may have ai + a2 as a multiple root. We replace q by the 
product p ~ Y[lj the irreducible factors qj which appear in the decomposition 
q = Y\q'j^ of (7 as a product of powers of prime factors. By construction ai + a2 
is a simple root of p and by multiplying by a non-zero scalar (if necessary) we can 
assume 

p'(ai+a2)>0. (138) 
By applying Lemma 18.81 we deduce a decomposition 

p{X + Y)= piiX)A{X, Y) + P2{Y)B{X, Y). (139) 
We want to show in this generality that 

A{ai,a2)>0, B{ai,a2)>0. (140) 
We can differentiate (|139p with respect to X and get 

p'{X + y) = p[{X)A{X, Y) + pi{X)dxA(X, Y) + p2{Y)dxB{X, Y) 
and then take X ~ ai and y = q;2 to get 

p'iai +02) = p[{ai)A{ai,a2). 

Thus, since p'{ai + 02) > and pj{aj) > 0, we obtain A(ai,a2) > 0. The same 
argument applies to B{ai,a2) using dy- Lemmas 18.71 (|140p and (|139p thus give a 
decomposition 

piX + Y)= p,{X) A,{X)B,{Y)+p2{Y) J2 C,iX)D,(Y) (141) 
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with 

Aj{ai) > 0, Bj{a2) > 0, Cj(ai) > 0, Dj{a2) > 0. 
This imphes, using Re{ipj) ~ aj, that 

ip,{Aj) = 1, (^2(5,) = 1, MCj) = 1, MDj) = 1. 
By using (|14ip we get 

ip{p) e v'i(pi) + ¥^2(^2) , yip e (fii *A+ V2 

and by CoroUarv l8.3l (4). one concludes 

Wai + w+ = UJ+, u;+ + W+ = UJ+. 
This completes the table of hyperaddition. □ 

Proposition 8.10. The hypermultiplication -k/^x on functions ip G Hom{Q[T],S) 
such that Re{ip) £ Q H M is given, for aj 7^ (j = 1, 2), by 

*A- <l = {<ia. I s e sign (a2)si + sign (ai)s2 C S} , Vsj G S. (142) 

for ai = and any value of a2 G Q H M, one has 

^o^*Ax<-^o, (143) 

Proof. By representing in the form (|129[) , one gets that all elements of the right 
hand side of (|142p belong to the left hand side. To obtain the other inclusion, we 
first assume that aj > 0. We proceed as in the proof of Proposition l8.9l and obtain a 
polynomial with simple roots which admits as roots all the products gi(ai)g2{a2) 
of the conjugates of the aj. By using the same notation as before, one gets a 
decomposition 

p{XY)=p,{X)A{X,Y) +p2{Y)B{X,Y). (144) 

Since aj > 0, the same proof using differentiation shows that (|140p holds. One 
then gets 

(p{p) G (fiiipi) + (^2(^2) , G *A'< ^2 

which shows the required conclusion. By using (|134p . one then obtains the general 
case, when aj ^ have arbitrary signs. Finally (|143p follows from A^(r) = 
T(giT. □ 

Incidentally, we note that the product Ai x A2 of two canonical hypergroups 
(Ai,+i) and {A2,+2) endowed with the hyperaddition 

(Ci,6) + (??i,?72) = {(a,/?),aGa+i??i, /? e 6 +2 ?72} (145) 
is a canonical hypergroup. 

Lemma 8.11. Let A be an abelian group, and B <Z A he a subgroup. Let C be the 
quotient of the product A x S by the equivalence relation 

{a,s) - (a,0) Va ^ B. (146) 

We let e : A X S ^ C be the quotient map and endow A x S with the hyperaddition 
(|145p . Then, with the following hyperlaw, C is a canonical hypergroup: 

x + y = {e(e + v), e(0 = <v) = v}- (147) 
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Proof. For x ~ (a, s) and y — t), the only case when one needs to take the union 
on representatives ^ with e(^) — x and -q with e(ry) = y is when both a,j3 ^ B but 
a + /? G -B. Note also that for the equivalence relation (|146p the subset 

^{i + Tl), e{i)=x, e{r^)^v (148) 

is saturated. Indeed, if a + /3 S -B there is nothing to prove since the equivalence 
is trivial. Thus one can assume a + (3 ^ B and say a ^ B. Then, one can choose 
^ = (a, s) with all values s G S so that the whole fiber above a + (3 appears in f + 
This produces the associativity of the hyperaddition in C — {A x S) / r-^ [cf. (1146^ ) 
by using the associativity in j4 x S. The uniqueness of the additive inverse follows 
from e(^) = =^ C = 0. Finally, the reversibility property follows from (|148p by 
using piS)) . □ 

We denote by ^ x S the canonical hypergroup obtained from Lemma 18.111 

Theorem 8.12. The functions 2?finito(S) form under hyperaddition 7^^+ a canonical 
hypergroup isomorphic to R Xqc S. 

The subset ^'^^^^^^(S) ~ {ip ^ Pfinitc(S)|i?e((/3) ^ 0}, with the hypermultiplication 
*Ax is o, canonical hypergroup isomorphic to Xqc S. 

Proof. The first statement is obtained using Lemma 18.61 (1) and Proposition 18.91 
To show the second statement, we introduce the map 

^ ■■ 2^fi„ite(S) ^ Xq. S, aK) = (a, sign (149) 
Then, Lemma 18.61 (2) and (jl42p show that a is an isomorphism. □ 

Remark 8.13. The set X'fiuitclS) = X'fi„itc(S)|i?e((^) = 0} forms an ideal of 
the hyperstructure Infinite (S) with I?gjjjjg(S) ~ S. The quotient hyperstructure is 
isomorphic to the field of real numbers: 

Dfi„ite(S)/S ^ R. (150) 

9. The hyperring of adele classes and its arithmetic 

The theory of hyperrings allows one to understand the additive structure of the 
multiplicative monoid Ak/K^ of adele classes of a global field K and to obtain a 
new algebraic understanding of the adele class space as a K-algebra. Indeed, by 
Theorem 1121 and Corollarv l4.3l the quotient Hk = Ak/K^ of the commutative ring 
Ak by the action by multiplication of , is a hyperring and the Krasner hyperfield 
K is embedded in Hk. In short, Hk is the K-algebra Hk = Ak K, obtained by 
extension of scalars using the unique homomorphism K — ^ K. 
In this section we shall review the most important arithmetic properties of the 
hyperring Hk. The set P(]HIk) of the prime elements of the hyperring Hk inherits 
a natural structure of groupoid with the product given by multiplication and units 
the set of places of K. The idele class group Ck = acts by multiplication on 
P(Hk). For a global field of positive characteristic, the action of the units Hj^ on 
the prime elements of Hk corresponds, by class-field theory, to the action of the 
abelianized Weil group on the space of valuations of the maximal abelian extension 
of K, i.e. on the space of the (closed) points of the corresponding projective tower 
of algebraic curves. This construction determines the maximal abelian cover of the 
projective algebraic curve with function field K. Then, the sub-groupoid of loops of 
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the fundamental groupoid associated to the afore mentioned tower is equivariantly 
isomorphic to P(]HIk)- 

When char(K) = 0, the above geometric interpretation is no fonger available. On 
the other hand, the arithmetic of the hyperring Hk continues to hold and the 
groupoid P(Hk) appears to be a natural substitute for the above groupoid of loops 
since it also supports an interpretation of the explicit formulas of Riemann-Weil. 

9.1. The space of closed prime ideals of Hk- Let K be a global field and I](]K) 
the set of places of K. The one-to-one correspondence between subsets Z C S(]K) 
and closed ideals of Ak (for the locally compact topology) given by 

.Jz = {x^ {x^) e Ak I = , Vw e Z}. (151) 

determines, when Z = \w\ (w G I](K)), a one-to-one relation between the places 
of K and the prime, closed ideals of the hyperring Hk = Ak/K^ 

S(IK) 3w o = {a; e Mk I = 0} C Spec (Hr). (152) 

Notice that the ideal p„, is well defined since the condition for an adele to vanish 
at a place is invariant under multiplication by elements in . 
The additive structure of Hk plays a key role in the above relation since when 
viewed as a multiplicative monoid, the adele class space Ak/K'^ has many more 
prime ideals than when it is viewed as a K-algebra. In fact, in a monoid any union 
of prime ideals is still a prime ideal and this fact implies that all subsets of the set 
of places determine a prime ideal of the monoid of adele classes. 

9.2. The groupoid of prime elements of Hk. In a hyperring R, an element 
a € R is said to be prime if the ideal aR is a prime ideal. Let P(IHIk) be the set 
of prime elements of the hyperring Hk = Ak/K^. Each prime element a <E P(IH[k) 
determines a principal, prime ideal p = aM^ C Hk. The following result establishes 
a precise description of such ideals of Hk. We refer to [8j Theorem 7.9 for further 
details. 

Theorem 9.1. 1) Any principal prime ideal J ~ aHK o/Hk is equal to pw for a 
unique place w e S(K). 

2) The group Ck = A^/K^ acts transitively on the generators of the principal 
prime ideal p^,. 

3) The isotropy subgroup of any generator of the prime ideal p^j is C Ck. 

Let s : P(IHIk) — )• Sk be the map that associates to a prime element a G Hk the 
unique place w such that p^j ~ oHk. Then P(Hk) with range and source maps 
equal to s and partial product given by the product in the hyperring Hk, is a 
groupoid. The product of two prime elements is a prime element only when the two 
factors generate the same ideal, i.e. sit over the same place. Moreover over each 
place V there exists a unique idempotent py £ P(Mk) {i.e. p^ ~ pi,). 

9.3. The groupoid of loops and P(IEIIk) in characteristic p 0. Let K be a 

global field of characteristic p > i.e. a. function field over a constant field C K. 
We fix a separable closure K of K and let W^^ C K be the maximal abelian extension 
of K. Let F, C K be the algebraic closure of F,. We denote by C Gal(K'^'' : K) 
the abelianized Weil group, i.e. the subgroup of elements of Ga^K***^ : K) whose 
restriction to F, is an integral power of the Frobenius. 
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Let Val(K'*'') be the space of all valuations of K***^. By restriction to K C K^*^ one 
obtains a natural map 

p : Val(]K^'') ^ I](]K) , p{v) = v\k. (153) 

By construction, the action of Gal(K'''^ : K) on Val(K'''') preserves the map p. 
Let w £ I](IK). Then, it follows from standard results of class- field theory that the 
abelianized Weil group W'^^ acts transitively on the fiber p~^{w) of p and that the 
isotropy subgroup of an element in the fiber p^^{w) coincides with the abelianized 
local Weil group W^^ C W^. 

We now implement the geometric language. Given an extension Fg C of tran- 
scendence degree 1, it is a well-known fact that the space Val(i!^) of valuations of 
E coincides with the set of (closed) points of the unique projective nonsingular 
algebraic curve with function field E. Moreover, one also knows (c/. [19] Corollary 
6.12) that the category of nonsingular projective algebraic curves and dominant 
morphisms is equivalent to the category of function fields of dimension one over ¥q . 
One also knows that the maximal abelian extension K'*'' of K is an inductive limit of 
extensions E of Fq of transcendence degree 1. Thus the space Val(K'^^) of valuations 
of K'''^, endowed with the action of the abelianized Weil group C Gal(K'^'^ : K), 
inherits the structure of a projective limit of projective nonsingular curves. This 
construction determines the maximal abelian cover tt : X^^ X oi the non singular 
projective curve X over F^ with function field K. 

Let TT : X — > X be a Galois covering of X with Galois group W. The fundamental 
groupoid of tt is by definition the quotient Hi = (X x X)/W of X x X by the 
diagonal action of W on the self-product. The (canonical) range and source maps: 
r and s arc defined by the two projections 

r{x,y) =x, s{x,y) = y. (154) 

Let us consider the subgroupoid of loops i.e. 

U[ = {7 e Hi I r(7) = s(7)}. (155) 

Each fiber of the natural projection r — s : Il[ X is a. group. Moreover, if W is 
an abelian group one defines the following natural action of W on IIj 

w ■ iS:,y) = {wx,y) = {x,w^^y). (156) 

We consider the maximal abelian cover tt : X'^^ X oi the non singular projective 
curve X over ¥q with function field K. We view X as a scheme over ¥g. In this 
case, we let W = VV^^ C Gal(]K'^'^ : K) be the abehanized Weil group. Even though 
the maximal abelian cover tt : X^^ X is ramified, its loop groupoid Ilf^{Xy 
continues to make sense. Since the two projections from X^^ x X^^ to X are 
invariant, Ilf^{Xy is the quotient of the fibered product X'^^ Xx X^^ by the 
diagonal action of W. We identify the closed points of X^^ Xx X^^ with pairs of 
valuations of K'*'' whose restrictions to K are the same. The following refinement 
of Proposition 8.13 of [10] holds 

Theorem 9.2. Let 'K be a global field of characteristic p ^ 0, and let X be the 
corresponding non-singular projective algebraic curve over ¥q . 

• The loop groupoid Ilf^{Xy is canonically isomorphic to the groupoid P(Hk) of 
prime elements of the hyperring Hk = Ak/K^ . 
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• The above isomorphism Ilf^{Xy ~ P(Hk) is equivariant for the action of W on 
Ilf^{Xy and the action of the units M'^ = Ck on prime elements by multiplication. 
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